arXiv:1508.00929v2 [math.AP] 27 Jan 2016 


Existence and non-existence resnlts for the SU{3) singular 
Toda system on compact surfaces 

Luca Battaglia*Andrea Malchiodi^ 


We consider 

✓ 

—Aui 

< 

— Au 2 


Abstract 

the SU{3) singular Toda system on a compact surface (S,fl) 

M 


= 2 pi 

= 2 p 2 


/j,/iie“idn 

/t 2 e"" 

f^hze^^dVg 


-Ij-P2 


/i 2 e“= 


f^hze^^dVg 


/j,hie“idVg 


1 j 47r ^ ^ 


m = l 
M 


— 1 j — 47r a2m {Sp 


1 ) 

1 ) 


where hi are smooth positive functions on E, pt £ R+, pm £ E and atm > —1. 

We give both existence and non-existence results under some conditions on the parameters pi 
and aim- Existence results are obtained using variational methods, which involve a geometric 
inequality of new type; non-existence results are obtained using blow-up analysis and localized 
Pohozaev-type identities. 


1 Introduction 


Let E be a closed surface and 5 be a Riemannian metric on E. Consider the following system on E: 

2 M 

Alij — Q-ijPj (^hjC ^ 1) 4l7T ^ ^ 1)5 ^ (1) 

j—1 m—1 


where A = Ag is the Laplace-Beltrami operator, pi are positive parameters, hi are smooth positive 
functions on E, aim are real numbers greater than —1, pm are given points of E, and A = {aij)ij is 
the Cartan matrix of SU (3) 



System (1) is known as the SU{3) singular Toda system. Together with its N x N extension, it 
has been widely studied in literature due to its important role in both geometry and mathemat¬ 
ical physics. In geometry, it appears in the description of holomorphic curves in CP^ (see e.g. 
[10, 17, 9]), while in mathematical physics it arises in the non-abelian Chern-Simons theory (see 
[19, 42, 38]). The singularities represent respectively the ramification points of the complex curves 
and the vortices of the wave functions. 


To better understand this system, it is convenient to re-write it in an equivalent form. Let Gp be 
the Green function of — A centered at a point p S E, namely the solution of 


-AGp = Sp-l 

[ GpdVg=0 

Js 
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Consider now the substitution Ui i—)■ Ui + drr ciimGp^: the newly-defined u = (^ 1 ,^ 2 ) solves 


m—1 

—Aui = 2pi — /02 ("^26“^ — 

-Au 2 = 2 p 2 - IJ - pi - IJ 

where the new functions hi have the expression 

h, := 1 = 1,2 

and verify 

e C'“(E\{pi,...,pm}) ^z|s\{pi,...,p„} > 0 hi ~ nearp„. (2) 

Integrating by parts over the whole S, we deduce 


hie“MK = / hie“MVg = 1, 


therefore the system is equivalent to 
—Aui = 2pi 
-Au 2 = 2p2 


hie'“ 


,/e ^ie“^dVg 

h 2 e"^ 

Jj,h 2 e“=^dyg 


- 1 - P 2 

- 1 ) - Pi 


h 2 e"' 


,/e ^2e“^dVg 
hie^^ 
hie“idVg 


- 1 


- 1 


(3) 


Problem (3) admits a variational formulation, that is its solutions are critical points of the following 
energy functional defined on 


Jp{u) := J Q{u)dVg - (^log J hie^'dVg - J UidVg^ . 


(4) 


Here, Q{u) is given by 

1 |VmiP- b Vui • VU2 -f IVM 2 P 

Q{u) = -^-, 

V = Vg is the gradient given by the metric g and • denotes the Riemannian scalar product. 

To study the properties of the functional Jp, a basic tool is the Moser-Trudinger inequality, which 
was proved in [7, 4] (and, for the regular case, in [25]). 

dTT min 11,1 -I- min ajm | (^log J hic'^'dVg-J u^dVg^ < J Q{u)dVg + C. (5) 

As a consequence, Jp is bounded from below as long as pi < 47rmin |l, 1-|-minaim| for both 
i = 1,2. Moreover, if both parameters are strictly smaller than these thresholds, the functional is 
coercive in the space of functions with zero average; there will be no loss of generality in restricting 
the problem to this space, since both (3) and (4) are invariant by addition of constants. Hence, in 
this case we get minimizing solutions. 


If one (or both) of the pi is allowed to attain greater values, then one can build suitable test func¬ 
tions to show that the energy functional is unbounded from below, as was done in the same papers 
where (5) is proved. Therefore, one can no longer use minimization techniques to find critical 
points. However it is possible to prove that when the Euler-Lagrange energy (4) becomes largely 
negative at least one of the functions hiC^' has to concentrate near a finite number of points. One 
can eventually derive existence results out of this statement using min-max or Morse theory. 
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To describe in more detail the situation we first consider Liouville’s equation^ that is the scalar 
counterpart of (3): 


—Au = 2p 


he“ 


/e he^AVg 



M 

An E !)■ 

m— 1 


Through a change of variable similar to that before (3), this is equivalent to 


— Au = 2p 


he^ 


^ Is 



( 6 ) 


with h having the same behavior as in ( 2 ) around singular points. 

Liouville’s equation has also great importance in geometry and mathematical physics: it appears 
in the problem of prescribing the Gaussian curvature on surfaces with conical singularities and in 
models from abelian Chern-Simons theory. This problem has also been very much studied in litera¬ 
ture, with many results concerning existence of solutions, compactness properties, blow-up analysis 
et ah, which have been summarized e.g. in the reviews [31, 39]. 


( 6 ) is the Euler-Lagrange equation for the functional 

/p(w) -=11^ iVupdEg - 2p (^log£fte“dl4 - £ udEg^ . (7) 

The classical Moser-Trudinger inequality and its extension to the singular cases ([35, 20, 15, 40]) 
yield boundedness from below of Ip if and only if p < 47 rmin |l, 1 -|- minQ:m| and coercivity if and 
only if p is strictly smaller than this value. 


For larger values of p, despite the lack of lower bounds on the energy /p, it is however possible 
to prove that functions with low energy must concentrate near finitely-many points. A heuristic 
reason for this fact goes as follows: the Moser-Trudinger inequality can be localized on any region 
of E via cut-off functions, see [16]. A consequence of this fact is that functions that are spread over 
E satisfy a Moser-Trudinger inequality with an improved constant, which favors lower bounds on 
Ip. Hence, if lower bounds fail, u should concentrate rather than spread. 

Notice that when all the a^-’s are negative the localized Moser-Trudinger constant near a singular 
point Pi is 47 r(l -|- a^), while near a regular point it is simply 47 r. Based on these considerations, in 
[ 12 ] the following weighted cardinality uja on finite sets was introduced: 


Wa({x}) 


1 + am if X = Pm 
1 if X ^ {pi,... ,pm} 


•= E Wa({xfc}); (8) 


and it was shown that if a function u has low energy, then the normalized measure /ie“ must 
distributionally approach the following set of measures (appeared also in [18]) 

^p,a ■— s ^ ^ ti^Sxf, . Xk ^ E, tk ^ 0, ^ ] t/c — 1, p 

Using variational methods, a compactness result in [3] and a monotonicity argument in [37] it was 
also shown that, endowing Ep „ with the weak topology of distributions, solutions to ( 6 ) (up to a 
discrete set of p’s, for compactness reasons) exist provided Ep^^ is non-contractible. We notice that 
the problem is not always solvable, as in the classical case of the teardrop: the sphere with only one 
singular point. Sufficient and necessary conditions for contractibility were given in [11]. 

The case of positive singularities was treated in [1] on surfaces with positive genus. There are some 
other existence results ([2, 33]) which also work for the case of the sphere or of the real projective 
plane. We also refer to [14] for the derivation of a degree-counting formula. 
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We turn now to system (3): for the regular case some existence results were found in [32] (pi < 47r 
and p 2 ^ 47rN), in [34] {pi € (47r, Stt)), [23] (pi S (47r, Stt) and p 2 ^ 47rN) and in [6] (S of positive 
genus and pi ^ 47rN). In the latter paper, with a construction related to that in [1], the case 
of positive singular weights was also treated while in [5], still for positive genus, some cases with 
negative coefficients aim were discussed. 


The above reasoning for the scalar singular equation allows to prove a related alternative for the 
two components of the system. If we use the compact notation ai := (an,..., aim)) CI 2 ■= 
(a2i, ... ,a2m)) then it turns out that for Jp{u) low either hie^^ is distributionally close to 
or /i 2 e“^ is close to To express this (non-exclusive) alternative, it is natural introduce the 

join of two topological spaces X and Y (see for instance [22]): 




X X r X [0,1] 


(9) 


where ~ is the equivalence relation among triples (x,y,t) given by 


(a;,y,0) - (a:,j/',0) \/x € X, \/y,y' € Y 


(x,y, 1) ~ (a;', 2 /, 1) x,x' € X,\/y €Y. 


The join of and Sp^ could then be used to characterize low-energy levels of Jp, with the 

join parameter s G [0,1] expressing whether is closer to or /i 2 e“^ is closer to Yp^^a^ 

(for example = 2 describe couples with the same scale of concentration). 


This description is however not optimal in general, as it does not take accurately into account the 
interaction between two components Ui and U 2 - For the regular case of (3), in [34] it was shown 
that the relative rate of concentration of the two components plays a role in this matter. 

More precisely, it was shown that if ui , U 2 concentrate near the same point and with the same scale 
(see Section 2 for a more precise definition of the latter), then the Moser-Trudinger constants for 
the system double. As a consequence of this fact it turns out that, when pi,p 2 € (47r,87r) and no 


singularities occur, then join elements of the form 


X, X, 


, X £ Y have to be excluded (see [23] 


for higher values of pi). 


One of the main goals of this paper is to show a new improved inequality for the singular system 
(3), in order to understand at the same time the effect of the interaction of the two components 
among themselves and with the singularities. We prove in particular (see Section 5) that if the 
two components are concentrated near the same singular point with the same rate, coercivity of 
the Euler-Lagrange energy holds provided pi,p 2 < 47r(2 + ai + a 2 ) (notice that with no extra 
assumption coercivity holds under the weaker condition pi < 47r(l -|- ai) for all i’s). 

We expect these new improved inequalities would allow us to prove existence results in rather 
general cases. However for simplicity here we restrict ourselves to relatively low values of pi,p 2 , in 
such a way that the above-defined measures Ep. are supported in at most one singular point of 
E. Precisely, defining the two numbers 

Pi := 47rmin M, min (2-I-aim-I-aim') r P 2 := 47rmin 1, min (2-|-a 2 m + Q; 2 m') k (10) 

I TTL^m' j I m^m' J 

by choosing pi <'Pi, Ep.^„. will contain only Dirac deltas centered at singular points Pm for some 
m G {1,... ,M}. In fact, pi < 47r regular points are excluded, while pi < Pi ensures the one-point 
support condition. 


The first main result contained in this paper is the following one. We would need to exclude some 
null set r of for compactness reasons, see Section 2. 


Theorem 1.1. Let T be as in (14), {pi,P 2 ) be as in (10), and let p G K+ \ T satisfy pi < pi for 
both i = 1 , 2 . 

Define integer numbers Mi , M2 , M 3 by: 

Ml := #{to : 47 r(l -|- aim) < Pi} M 2 := #{to : 47 r(l -|- a 2 m) < P2} 
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Ms := #{m : 47r(l + atm) < Pi and pi < 47r(2 + aim + a 2 m) for both i = 1, 2}. 


(11) 


Then system (3) admits solutions provided the following condition holds 


(Ml, M 2 , Mg) ^ {(1, m, 0), (m, 1,0), (2, 2,1), (2,3, 2), (3,2, 2), m S N}. 

Remark 1.2. We will see that the above assumptions on the Mi’s are necessary: in fact we will 
get a non-existence result for every case not covered by the theorem. 

By the previous description low sub-levels of Jp can be identified with the topological join of 
and of Sp 2 ^ct 2 ) with some points removed. Under the assumptions on the pfs this join consists of a 
graph X made of segments whose end-points belong to {pi,... ,Pm}- For a more precise description 
of it we refer to Section 3, where some pictures are also included. The conditions on (Mi, M 2 , Mg) 
in the previous theorem ensure that this graph is non-contractible. 

The second part of this paper, see Section 7 will be devoted to the proof of some non-existence re¬ 
sults, showing that in general some assumptions on the parameters pi are necessary to get existence 
of solutions. We begin by considering a simple situation: the unit disk of with a singularity at 
the origin, and solutions satisfying Dirichlet boundary conditions. 


Theorem 1.3. Let the standard unit disk, suppose /ii,/i 2 = 1, M = 1 and let 01,02 > 

— 1 6e the singular weights of the point p = 0 S B. If p satisfies 

p\ - pipi pI- 47r(l -I- ai)pi - 47r(l -|- a2)p2 > 0, 

then there are no solutions to the system 

A o |cc|2“ie“i 

|a:p“2g«2(a:)(j2; 

. = u2\dK = 0 

This result is proved via the Pohozaev identity, and extends a scalar one from [2]. 

With a similar proof, one can hnd non-existence for (3) on the standard sphere with one singular 
point or two antipodal ones. We remark that, as for Theorem 1.3, the following result still holds if 
we allow the coefficients aim to be positive, thus showing that the general existence result contained 
in [6] cannot be extended to spheres. 

As shown by pictures in Section 7, non-existence occurs on a region delimited by four curves: 
we get two or three connected components, which intersect the axis pi in the segment joining 
(0,47r(l -I- 021 )) and (0,47r(l -|- 022 )), thus including the scalar case considered in [2]. More¬ 
over, such regions also include some cases which are not covered by Theorem 1.1, in particular 
(Ml, M2, Mg) e {(1, m, 0), (m, 1, 0), (2,2,1)}. 


|^|2a2g«2 

L |a;p“2gM2(a:)£t2; 

. ( 12 ) 

/b |a:p“ie“iU)da; 


Theorem 1.4. Let (S,g) = ( 8 ^, 50 ) the standard sphere, suppose hi,h 2 = 1, M = 2, let 
( 011 , 0 : 21 ) 7 ^ ( 0 ^ 12 , 022 ) be the weights of the antipodal points {pi,P 2 } C S^, with aim > ~1- If 
either 

{ Pi+ P 2 - P 1 P 2 - 47r(l -h Oii)pi - 47r(l -h 021)^2 < 0 
Pi+ P 2 - P 1 P 2 - 47r(l -h Oi2)/Oi - 47r(l -h 022)102 > 0 
Pi - P 2 - 47r(l-k oii)pi-f 47r(l-h 022 )p2 < 0 ^ 

Pi - P 2 - 47r(l -k ai 2 )pi -f 47r(l -h 021)^2 > 0 

and at least one inequality is strict, or if all the opposite inequalities hold, then system (3) admits 
no solutions. 

The third result we present makes no assumptions on the topology of E. In fact, its proof will use a 
localized blow-up analysis around one singular point, similarly to some result in [11]. We argue by 
contradiction, assuming that a solution m" of (3) exists for a sequence ( 011 , 012 ) —(—1, —!)■ 

n—>-+oo 
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Such a sequence must blow-up, hence we consider all the possibilities given by concentration- 
compactness theorems (from [30, 25, 7], which we will recall in Section 2). We will exclude all of 
these cases but the blow-up around the point pi. Finally, we will also rule this out by a local version 
of the Pohozaev identity, hence getting a contradiction. 

Just like Theorem 1.4, the following result shows the sharpness of assuming all the singularities 
to be non-negative in [ 6 ]. In fact, the statement still holds true if we allow all the coefficients 
ai 2 ,..., aiM, ct 22 , ■ • ■, ct 2 M to be positive and only an, ai 2 < 0 . 


Theorem 1.5. Let C be as in (14), with a^y := ( 0 ^ 2 , • ■ ■, OiM) o,nd let p G 

and ai 2 ,..., aiM, Qf 22 ) • ■ •) a 2 M be fixed. Then, there exists a* G (—1,0) such that the system 
(3) is not solvable for aii,ai 2 < a*. Moreover, a* can be chosen uniformly for p in a given 
/C (£ Ki \ Fc - a - . 

The last non-existence result gives a counterexample to Theorem 1.1, in the case (Mi, M 2 , M 3 ) = 
(2, 3, 2) (which was not covered by Theorem 1.4). We basically combine arguments from Theorems 
1.4 and 1.5: we consider the standard unit sphere, take pi,aim so that we have {Mi, M 2 , M 3 ) = 
(2, 3, 2) and we let one of the parameters aim go to —1. By a blow-up analysis we reduce ourselves 
to the scalar version of Theorem 1.4 (see [2], Proposition 5.8) and we prove that no solution can 
exist if that coefficient is too close to — 1 . 


Theorem 1.6. Let {T,,g) = (S^,(/o) be the standard sphere, Pi,P 2 be as in (10), suppose hi,h 2 = 
1, M = 3 withpi,p 2 being anti-podal and 013 = 0, and let pi, an, ai 2 , 021,022 be fixed so that 

47 r(l -I- aim) < Pi < max {pa, 47 r (2 + aim + Q! 2 m)} Vm = 1, 2. 

Then, there exists a* G (—1,0) such that (3) is not solvable if a 23 < a* and p 2 satisfies 

47 r(l -I- a 2 m) < P 2 < max{p 2 , 47 r (2 -|- aim + a 2 m)} Vm = 1, 2,3. 

The paper is organized as follows. In Section 2 we provide some notation and preliminary results 
that will be used later on. In Section 3 we introduce the above-mentioned space X and study its 
topology and homology groups. Section 4 is devoted to the construction of test functions from X 
to arbitrarily low sub-levels of Jp, whereas in Section 5 we prove new improved Moser-Trudinger 
inequalities which will be used. In Section 6 Theorem 1.1 will be proved using the strategy described 
before. Finally, Section 7 will be concerned with the non-existence Theorems 1.3, 1.4, 1.5 and 1.6. 


2 Notation and preliminaries 

In this section we will provide some notation and some known preliminary results that will be used 
throughout the rest of the paper. 


2.1 Notation 

We will denote the indicator function of a set C E as 


ln(a:) := 


1 if a; G 

0 a X ^ fl 


The metric distance between two points p,q G T, will be denoted by d{x,y); similarly, for any 
n,Ll' G T, we will write: 

d{x, LI) := mi{d{x, y) : a: G fl} d{Ll, Lt') := inf{d(a;, y) ■. x G LI, y G fl'}. 
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If n has a smooth boundary, given x S dfl, the outer normal at x will be denoted as i/lx). The 
open metric disk centered at p S E with radius r > 0 will be indicated as Br{p). For r 2 > ri > 0 
we denote the open annulus centered at p with radii ri, r 2 as 


^ri,r 2 ip) := {x e E : ri < d{x,p) < r 2 } = Br^ip) \ ^nb)- 


If il C E has a smooth boundary, for any x € dfi we will denote the outer normal at x as i/(x). 
For a given u G L^(^2) and a measurable set fl C S with positive measure, the average of u on 17 
will be denoted as 




UdVg. 


In particular, since we are assuming |E| = 1 


itdVo = T udVa- 


The subset of the space FI^(E) consisting of functions with null average is denoted as 


r\s) := 


e : / udVg 



As recalled before, both the system (3) and its energy functional Jp defined in (4) are invariant by 
adding constants to the components Ui. Therefore, there will be no loss of generality in restricting 
our study of the problem on H (E)^. 

The sub-levels of Jp, which, as anticipated, will play an essential role throughout the whole paper, 
will be denoted as 

J“ = {ue i/i(E)b Jpiu)<a}. 

We will denote with the symbol ~ F a homotopy equivalence between two topological spaces X 
and Y. 

The composition of two homotopy equivalences Fi : X x [0,1] —>■ F and F 2 : F x [0,1] —?> F satisfying 
Fi(-, 1) = F 2 (-,0) is the map F 2 * Fi : X x [0,1] ^ Z defined by 


I Fi(a:, 2 s) ® - h 

I F2{x,2s - 1) if s > 2 


The identity map on X will be denoted as Idx- 

F[g{X) will stand for the homology group with coefficient in Z of a topological space X as 
F[q{X). An isomorphism between two homology groups will be denoted just by equality sign. 
Reduced homology groups will be denoted as F[q{X), namely 


HoiX) = Ho{X)(BZ Hq{X) = Hq{X) if 9 > 1. 

The 9 *^ Betti number of X, namely thc^dimension of its 9 **^ group of homology, will be indicated 
by bq{X) := rank(iJ,j(vA)). The symbol bq{X) will stand for the dimension of Hq{X), that is 


bo{X)=boiX)-l bq{X) = bq{X) if9>l. 


Throughout the paper we will use the letter C to denote large constants which can vary between 
different formulas or lines. To stress the dependence on some parameter(s) we may add subscripts 
such as Ca- We will denote by the symbol Oq,( 1) a quantity tending to 0 as a —>■ 0 or as a —>■ -foo. 
Subscripts will be omitted when they are evident by the context. Similarly, we will use the symbol 
x{a) y{cx) to express that the ratio between x{a) and y{a) is bounded both from above and 

xf Qi) 

below by two positive constants as a goes to 0 or to -l-oo. In other words, log , , = Oail)- 

y{a) 
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2.2 Compactness results 

We first state the compactness result for solutions of (3): it can be deduced by a concentration- 
compactness alternative from [7, 8 , 30] and a quantization of local blow-up limits from [24, 28, 41]. 
A global compactness result was already given in [ 8 ] using the quantization result from [28] . In the 
same way, we here deduce an improvement using [41]. We present the concentration-compactness 
theorem in a slightly more general form, which will be useful in the proof of Theorem 1.5. 


Theorem 2.1. ([SO], Theorem 4.2; [7], Theorem 2.1; [8], Theorem 2.1) Let LI C T, be an open 
domain and {u" = {u[,U 2 )}neN be a sequence of solutions of (3) on LI with h] —> hi > 0 in 

n—>-+oo 

(LI) and p" — pi. Define 

' ' n—>-+oo 


5, := X G E : 3 C S : <(x") - log / h^e<dVg 


n—>-+oo 


+00 > . 


Then, up to subsequences, one of the following alternatives occurs: 


• (Compactness) For each i = 1,2 either u” — log J h"e“' dVg is uniformly bounded in L(^^{Lt) 
or it tends locally uniformly to —oo. 

• (Blow-up) The blow-up set S := SiU S 2 is non-empty and finite. 

Moreover, 

Is dVg 

in the sense of measures, with Vi G L^{Ll) and ai{x) defined by 

L , , hfe< dV„ 
ai{x) := lim lim p"—-. 

’'^0 n-S-hoo 


Finally, if x G Si \ {pi,. .. ,pm} and 2ai(x) — u^-i(x) > At:, then Vi = 0. The same holds ifpm G Si 
and 2ai{pm) - a 3 -i{pm) > 47r(l + aim)- 

We next have the following quantization result for (tTi(x), 0 - 2 ( 2 ;)). 

Theorem 2.2. ([24j, Proposition 2.4; [28], Theorem 1.1; [41]) Let S, (Ji{x) be defined as in Theorem 
2.1 and suppose x G S. If x ^ {pi,... ,pm}, then {ai{x),a- 2 (x)) is one of the following: 

(47r,0) (0,47r) (47r, 87r) (87r,47r) (87r, Stt). 

If X = Pm and aim, 0 : 2 m < 0, then (cri(pm), o' 2 (Pm)) is one of the following: 

(47r(l + aim),0) (0,47r(l + a 2 m)) (47r(l + oi^), 47r(2 + oi™ + a 2 m)) 

(47r(2 + aim + a 2 m), 47r(l + a 2 m)) (47r(2 + aim + a 2 m), Att{2 + aim + a 2 m))- 

In particular, either ri = 0 or r 2 = 0. 

By putting together Theorems 2.1 (applied with h" = hi on the whole E) and 2.2 we get the 
following: 


Corollary 2.3. Let T' ^ C M+ be defined, for i = 1,2 and A1 C {1,..., M}, by 


L[m 47 r < n + (1 + aim') + (2 + aim + 02 ™) : n G N, Mf GL {1,..., M} \ A4 


Tn'GA4' 


•mGA4 




where 


and define F = F, 



.mGA4 


47r(l + a2m),+oo U 


.tuGM. 


47r(l + aim),+oo x F^^ 


M 


(14) 

Then the family of solutions {up}p^jc C H (E)^ of (3) is uniformly bounded in VF^’'^(E)^ for some 
q > 1 for any given JC (e \ F 


Actually, Theorem 2.2 holds in this form only assuming aim,a 2 m < Q^o for some ao > 0. For 
general values of atm a finite number of other local blow-up limits is allowed (see [28] , Proposition 
2.4 for details), therefore a global compactness result similar to 2.3 still holds true. Anyway, all the 
cases which are not considered in the previously stated results verify ai{pm) > 47r for both Fs, so 
as long as we are assuming pi, p 2 < 47r the values we have to exclude are all contained in F. 


Concerning compactness, we have a useful result which can be deduced from minor modifications 
of the argument in [29] . It basically states the existence of bounded Palais-Smale sequences for p 
belonging to a dense set of \ F. Putting together with the compactness result stated before, we 
get: 

Lemma 2.4. Let p ^ T be given and let a < b be such that (3) has no solutions in {Jp € [a,fe]}- 
Then, is a deformation retract of Jp. 

We also deduce that Jp is uniformly bounded from above on solutions, hence we have: 


Corollary 2.5. Let p be given. Then, there exists L > 0 such that Jp is a deformation retract 
of ; in particular, it is contractible. 

From now on, we will always assume to take p G \ F, except in Section 7. 


2.3 Moser-Trudinger inequalities and their improved versions 

We have the following Moser-Trudinger inequalities for the scalar Liouville equation and for the 
Toda system respectively. 


Theorem 2.6. ([35], Theorem 2; [20], Theorem 1.7; [15], Theorem I; [fO], Corollary 10.j Let h 
be as in (2). Then, there exists C = Cs > 0 such that any u € satisfies 

167rmin |l, 1-I-minamj ^log J he'^dVg — J UidVg^ < j \Vu\^dVg + C. (15) 


Equivalently, Ip defined by (7) is bounded from below if and only if p < Ftt min |l, 1 -|- min am| and 

it is coercive if and only if p < IOtt min ] 1,1 -|- min Um t • 

L m J 

In the latter case, it admits a global minimizer u which solves (6). 


Theorem 2.7. ([25], Theorem 1.3; [7], Theorem 1.1.) Inequality (5) holds for any u = {ui,U 2 ) G 
II^(S)^. Equivalently, Jp defined by (4) is bounded from below in if and only if pi < 

47 r min ■{ 1,1 -|- min aim f for both i = 1,2, and it is coercive if and only if pi < 47r min < 1,1 -|- min aim 
L m J L m 

In the latter case, it admits a global minimizer u = {ui,U 2 ) which solves (3). 


We also need a Moser-Trudinger inequality on manifolds with boundary, which extends the scalar 
inequality from [13]. 

Before the statement, we introduce a class of smooth open subset of E which satisfy an exterior 
and interior sphere condition with radius i5 > 0: 

2is := C E : \/ x G dLl3x' G LI, x” G E\Ll : x = Bs{x') n dLl = Bs{x") n cAlj (16) 
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Theorem 2.8. Take B := -Bi(O) C and u = (ui,U 2 ) G Then, there exists C > 0 such 

that 

2tt ^log J e'^'^^^dx — J' Ui(x)da:^ < J Q{u{x))dx + C. 

The same result holds if B is replaced by a simply connected domain belonging to 2ls for some d > 0, 
with the constant C is replaced with some Cs > 0. 

As a sketch of a proof, consider a conformal diffeomorphism from B to the unit upper half-sphere 
and reflect the image of u through the equator. Now, apply the Moser-Trudinger inequality to the 
reflected u', which is defined on S^. The Dirichlet integral of u' will be twice the one of m on S, 
while the average and the integral of e“ will be the same, up to the conformal factor. Therefore 
the constant 47 r is halved to 27r. Starting from a simply connected domain, one can exploit the 
Riemann mapping theorem to map it conformally on the unit disk and repeat the same argument. 
The exterior and interior sphere condition ensures the boundedness of the conformal factor. 

From the inequality in Theorem 2.8 one can easily deduce a localized Moser-Trudinger inequality, 
arguing via cut-off and Fourier decomposition as in [34]. 


Lemma 2.9. For any e > 0, ai, 02 G (~li 0] there exists C = such that for any u G H^{B)^ 



(1-l-e) f Q{u{x))dx + C. 
Jb 


(17) 


< 


(18) 


We will now discuss some inequalities of improved type, which hold for special classes of functions. 
First, we will provide a macroscopic improved Moser-Trudinger inequality for the Toda system. 
Basically, if Ui and U 2 are spread in different sets at a positive distance within each other, then 
we can get a better constant than in Theorem 2.7. Before stating the improved inequality, let us 
introduce the space of positive normalized functions 


A := 


■|/ e L^(S) : / > 0 a.e. and 




(19) 


We can associate to any function u G a couple of elements of A, through the map 


{UI,U2) 




h2e'‘ 


■ (/*l,u;/ 2 ,u)- 


Y/j. hic^^dVg /j. ft.2e“2dVg y 
Such a map is easily seen to be continuous, through the scalar Moser-Trudinger inequality (15). 


( 20 ) 


Lemma 2.10. ([5], Lemma 4.3) 

Let (5 > 0, J 2 , K 2 G N 6e given, let {mu,..., muj, m 2 i,..., m 2 j 2 } C {1,...,M} be a selec¬ 
tion of indices, 2 be measurable subsets o/E such that 

r^irriij ^0 ^ I — , Ji 

d{nij,n,p) >s Vi = 1,2, \/j,f = 

d{pm,^ij) >5 Vi = l,2,Vj = = m ^ ruif, 

and u G satisfy 

[ kudVg>d Vi = l,2, Vj = l,...,J, + iV,. 

J 
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Then, for any e > 0 there exists C = C^^s,Ji,Ki,j 2 ,K 2 ,e > 0 such that 


47r^ ^ (l + j (^log y hiC^^dVg-J UidVg^<{l + e) j Q{u)dVg + C. 

Let us recall the weighted barycenters defined in ( 8 ). These are a subset of the space A4(E) of the 
Radon measures of E, endowed with the Lip^ norm, using duality with Lipschitz functions: 


liAillLip'(E) := sup 

0GLip(E),||0||Lip(s)<l 


(pdfj, 


( 21 ) 


We will denote the distance induced by this norm by (iLip'(s)- One can easily see that A1(S) 
contains the space A defined in (19). 

From now on we will assume, until Section 6 , that pi < pi, p 2 < P 2 (see (10)), hence each measure 
in Ep.^Q,. will be supported at only one point of S. Therefore we can identify, with a little abuse of 
notation, 6^ G '^pi,a with x G T, and write 

Spi,a, := {x e E : dTTLUa.iix}) < Pi} = {pm ■ 47r(l + aim) < Pz} c E. 

Notice that, by choosing in (21), (f = d{-,y) we have dLip'(s)('^a:) (^y) d{x,y) for any x,y G E. 
This means that, allowing p to attain higher values (as was done in [5, 12]), we get a space which 
contains a homeomorphical copy of E. 


In terms of Ep.^c,, from Lemma 2.10 we deduce that at least one between fi^u and f 2 ,u is arbitrarily 
close to the respective weighted barycentric space. 


We need to define, for each f G A, a center of mass and a scale of concentration, inspired by [34] 
(Proposition 3.1) but such that the center of mass belongs to a given finite set C E (which will 
be, in our applications, a subset of the singular points). As in [34], we will map A on the topological 
cone over A of height 6, which is defined by 


CsT := 


F X [0,(5] 


( 22 ) 


where the equivalence relation ~ is given by (x,5) ~ ix',5) for any x G T,. The meaning of 
such an identification is the following: if a function f G A does not concentrate around any point 
X G F, then we cannot define a center of mass: in this case we set the scale equals to 5, that is large. 


Lemma 2.11. Let F := {xi,... ,xk} G be a given finite set and A, Cs be defined by (19) and 
(22). Then, for S > 0 small enough there exists a map ip = (/?,<;) = ■ A -G CsF such that: 

• If <i{f) = S, then either / fdVg > d or there exists x',x" G F with x' ^ x" and 

[ fdVg >6 [ fdVg>5 

J Bii(x') J Bnix") 


//c(/) < 5, then 


'B.ufiPU)) 


fdVg > 5 




fdVg > 5. 


Moreover, if f’^ —^ Sx for some x G F, then {I3{f'^),g{f"')) —^ (a^,0). 

n—>-+oo n—>-+oo 

xAax^x'dF.xjLx' d{x,x') 


Proof. Fix T G ( 2 ’ ^ 1 ’ ^ — 


h{f) ■■= f fdVg; 

J Bs(xk) 


and define, for k = 1,..., K, 

P k 

Io{f)--= /dPp = l-^4(/), 

Js'' ■ " ' ' ^ 




k=l 
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Choose now indices k, k such that 


4 (/) 


max 

feG{0,...,K} 


4 (/) 


•= max 4 (/). 
k^k 


We will define the map ip depending on k and I'j.if)'- 

• fc = 0. Since / has little mass around each of the points Xk, we set c(/) = <5 and do not define 
as it would be irrelevant by the equivalence relation in (22). The assertion of the lemma 
is verified, up to taking a smaller 6, because 






K + l 


• fc > 1 , 4(/) ^ 


Itif)- Here, / has still little mass around the point xr (which could not 


be uniquely defined), so again we set c(/) := S. It is easy to see that 4(/) > 


1 — T 

~ir’ 


so 




1 — T 
K 


Kt 


k > I, I^if) > Now, > T, so one can define a scale of concentration 

s {x-j^, /) G (0, (5) of / around x^, uniquely determined by 




fdVg = T. 


We can also define a center of mass /?(/) = x-^ but we have to interpolate for the scale: 
J-T-f fV .qpf,finer 

1 — r 


2 Kt 

- Case 4(/) < --4(/): setting 


4/) = S {x-k, /) + Krr t r. /)) > 


^Mf) 


1 — r 


we get s (x^, /) < c(/) < <5; moreover, 4(/) > hence 


/ fdVg > fdVg = T>S 

’B.umf)) •^ 4 ( xj ./) 4 e ) 


fdVg > / 




2 Xr 


Case /j(/) > ‘^(/) ■ * (^fc> /) S®* 


'Bo/)(/3(/)) 


/dVg = T>S 


/s\B,„)(/ 3 (/)) 


/dCg = 1 - T > ^. 


To prove the final assertion, write (up to sub-sequences), {f3oo,<^ao) = hm (/3(/"),<?(/”))■ 

n—v+oo 

For large n we will have 

[ FdVg < ^ [ FdVg < ^ for any F G \ {a:}, 

“'S\Ux,' 6 ^S 5 (a:') ^ Jb^(x") ^ 


12 












which excludes <;oo = S. We also exclude G (0, (5) as it would give 


(/3oe) 


rdVg > S 


'S\B£oo (/3oo) 


FdVg > S. 


which is a contradiction since T n (/3oo) j = 0 - 

Finally, we exclude /3oo x because we would get the following contradiction: 


/ FdVg > 5. 

Jbs(P^) 

The number r in the proof of Lemma 2.11 will be chosen later in Section 6 in such a way that it 
verifies some good properties when evaluated on the test functions constructed in Section 4. □ 

Combining such a map '0 with Lemma 2.10 we deduce some extra information on low sub-levels of Jp. 


Corollary 2.12. Let S,4> be as in Lemma 2.11 and define, for u G 

A(m) = ^l(w) = /32 (w) = /3Sp,,„^(/2,«), ■?2 (m) = ‘?Sp,,„3(/2,«). 

Then for any 6' > 0 there exists Ls' such that if i,i{u) > S' for both i = 1,2, then Jp(u) > —Ls >. 

Proof. Assume first = S: from the statement of Lemma 2.12, we get one of the following: 




fl.udVg > , 


f s 

/ /i,«dVg > for some Pm ^ ^pi,a,, 

JBsiPrr,) 

[ fi.udVg > S, f fi.udVg > 6 for some m' yf m". 

JBnivL) Jb^(v^„) 


'Bi(pL) -iBsiPm") 

Depending on which possibility occurs, define respectively 

M 

• On := E \ IJ Bs{pm), 

p=i 

• On := Bs{pm), 

• On .— Bgi^p^n'), Oi2 ■— B§{jpjyitifi 

It is easy to verify that such sets satisfy the hypotheses of Lemma 2.10, up to eventually redefining 
the map if with a smaller S < ,, ’ <KPm,Pm ) , case, we have Ji = 0, ATi = 1, in 

the second case either = 0, ATi = 1 or = 1, ATi = 0 but p < 47r(l -|- aim), and in the third case 
we have Ji =2,Ki = 0. 




If 5’ < ft(u) < 5, then / /i „dl4 > so we have one between the following: 

Mb,/(/3i(«)) 

h.udVg > I 

I ^ 

[ fi.udVg >S,[ fi.udVg > ^ for some Pm fiiiu). 

JB s(Pl(u)) JBsiPrr,) 

fl.udVg. 


J A^psiPiiu)) 

Depending on which is the case, define: 
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M 

• 17ii := S \ (J Bs{pm)- 

m—1 

• il.li ■= Bs{u){f3i{uj), rii 2 := Bs{pm)- 

• On := As'^s{(3iiu)) 

Repeat the same argument for U 2 to get similarly O 21 , and possibly 022 - Now apply Lemma 2.10 
and you will get Jp{u) > —Ls>. □ 

In Section 5, we will need to combine different types of improved Moser-Trudinger inequalities. To 
do this, we will need the following technical estimates concerning averages of functions on balls and 
their boundary: 


Lemma 2.13. There exists C > 0 such that for any u S a: S E, r > 0 one has 


udVg — 


udV„ 


' Br{x) J dBr{x) 

Moreover, for any R > 1 there exists C = Cr such that 


<CJ |Vu|Wg. 
Y J Br(x) 


UdVg — -f UdVg 

Br{x) J BRr{x) 


< CJ / |Vu|w,, 

V JB,.{x) 


The same inequalities hold if Bj.{x) is replaced by a domain O C Bfij-ix) such that il S ^sr for 
some (5 > 0, with C and Cr replaced by some Cs,Cr^s > 0, respectively. 


The proof of the above lemma follows from the Poincare-Wirtinger and trace inequalities, which 
are invariant by dilation. Details can be found, for instance, in [21]. We will also need the following 
estimate on harmonic liftings. 


Lemma 2.14. 

solution of 


Let r 2 > ri > 0, / € 11^(13^2(0)) with 



f{x)dx 


—Au = 0 m>lj.j^r2(0) 
u = f on dBj.^ (0) 
u = 0 on dBr^ (0) 


Then, there exists C = Crx > 0 such that 

ri 


0 be given and u be the 



|Vu(a;)|2da: <C [ 


\yf{x)fdx 


Again, the proof uses elementary techniques in elliptic PDEs, such as Dirichlet principle and 
Poincare inequality, hence can be found in most textbooks. 


3 The topology of the space T 

Let us introduce the space X, which will play a fundamental role in all the rest of the paper. It 
is obtained removing some points from the join of the weighted barycenters * Ep^^c^ dehned 

by ( 8 ) and (9). The points to exclude correspond to improved inequalities for functions centered 
around the same point and at the same rate of concentration (see Section 5 for more details). 
Precisely, we have: 

X • Ep,^ ★ Ep2 \ "I (pm ; Pm ’ 2 y ’ ^ 47 r (2 (Xlm d~ 0:2m) ^ • (^^) 
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In this section, we will prove that, under the assumptions of Theorem 1.1, the space X is not 
contractible. In particular, we will prove that it has a non-trivial homology group. 

In order to do this, we will recall how to calculate the homology groups of the join of two known 
spaces. Since the join is homotopically equivalent to a smash product of X, Y and (see [22] for 
details), its homology groups only depend on the homology of X and Y. 


Theorem 3.1. ([22], Theorem 3.21^ Let X and Y be two topological spaces. Then, 

H^{X *Y) = Y, H,-{X) (B Hq-q>-i{Y). 

q'=0 


In particular, if X = ^ ^ and Y = 

same homology of ^ 


ViVa 


are wedge sum of spheres, then X -kY has the 


Actually, in the same book [22] it is shown that the following homotopical equivalence holds: 


Here is the main result of this section: 


Theorem 3.2. Let Mi, M 2 , be as in (11) and X be as in (23) and suppose 


{Ml, M 2 , M 3 ) ^ {(1, m, 0), (m, 1,0), (2,2,1), (2,3, 2), (3,2,2), m G N}. (24) 

Then, the space X has non-trivial homology groups. In particular, it is not contractible. 

The assumptions on the Mi, M 2 , M 3 , that is, respectively on the cardinality of , Spa,a and 

on the number of midpoints to be removed, are actually sharp. 

This can be seen clearly from the Figure 1: the configurations Mi = 1, M 3 = 0 are star-shaped, 
and even in the two remaining case it is easy to see X has trivial topology. On the other hand. 
Figure 2 shows a non-contractible configuration. 



Figure 2: The space X in the case Mi = 2, M 2 = 4, M 3 = 2 (not contractible). 
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Proof of Theorem 3.2. The spaces are discrete sets of Mi points, for i = 1, 2, that is a wedge 

sum of Mi — 1 copies of S°. Therefore, by Theorem 3.1, Spi,Q * '^p 2 ,a has the same homology as 

V(Mi-1)(M2-1) 

The set we have to remove from the join is made up by M 3 singular points {pmn ■ ■ • jPmM^} 
some {mi,..., uims} C {1,..., M}. 

1 Ms . ^ V 

Defining then, for some fixed < 5 <-,>’:=[JS 5 f p ^^, Pm, > 2 ) ’ ^ retracts on {p„i,,..., p^Ms } • 

On the other hand, T n 3^ is a disjoint union of M 3 punctured intervals, that is a discrete set of 
2 M 3 points, and T U 3^ is the whole join. Therefore, the Mayer-Vietoris sequence yields 

HiixHi{X) (BHi{xuy) ^ Hoixny)^ Ho{X)(BHoiy)^ Hoixuy). 

0 0 Z2M3-1 Z“ 3 -l 0 

The exactness of the sequence implies that bi{X) — bo{X) = (Mi — 1 )(M 2 — 1) — M 3 , so if the latter 
number is not zero we get at least a non-trivial homology group. 

Algebraic computations show that, under the assumption Mi, M 2 > M 3 , (Mi — 1 )(M 2 — 1) ^ M 3 
is equivalent to (24), therefore the proof is complete. □ 

4 Construction of test functions 

We will now introduce some test functions from the space X, introduced in Section 3, to arbitrarily 
low sub-levels. Such test functions will have a profile which resembles the entire solutions of the 
Liouville equation and of the Toda system: it will not always suffice to consider the standard bubbles 

= -21ogmax{l,(Ad(-,p))2(i+“)} , 

which roughly resemble the solutions of the scalar Liouville equation. This is because, when the 
two components are centered at the same points, a higher amount of energy is needed due to the 
expression of Q (see the Introduction) which penalizes parallel gradients. . This is basically the 
reason that the join is pnnctured in (23) . 

We will need two more profiles for the construction of <I>^, which have been considered in [23] for 
the regular Toda system. 


= -2 log max {1, (Ad(-,p))2(2+“i+“D | ^ 

= -21ogmax|l, . 


We will use suitable interpolation between each of the above three profiles depending on whether 
the points Xi G Sp. coincide or not and depending on which of the parameters pi is greater or 
less than 47r (wq ({a;z}) + ({a^i}))) see (8). The map will therefore be defined case by case, 

hence its definition will be quite lengthy and will be postponed in the proof of the theorem, rather 
than in its statement. 

As a final remark, we considered a truncated version of the bubbles instead of the usual smooth 
ones. Under this change we get very similar estimates, though with simpler calculations, since 
truncated functions are easy to handle. 


Theorem 4.1. There exists a family of maps ^ iL^(S)^ such that 

Jp (‘J’^(C)) , — > —00 uniformly for C, G X . 

A—>-+oo 

Proof. Let us start by defining $^(^) = (^2 — when C, = {pm,Pm,t) for some m. 

will be defined in different ways, depending on the relative positions of pi, P 2 , o:im, a 2 m in 
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(<<) Pi,p2 < 47r(2 + aim + a2m): 


(pi := 


I 


‘P2 := 


1 


- 21 ogmax|l, | 

0 
0 

- 21 ogmax|l, 


if t < 
if t > 
if t < 
if t > 


? 

2 

1 

? 

2 ' 


(<>) Pi < 47r(2 + aim + a 2 m) < P 2 ' 

ipi := -21ogmaxll,max|l,(Ai)^(^+“"™^| (Ad(-,p„))^(^+“i’")| 
(P 2 := - 21 oginax|l, (A<d(-,pm))^(^+“i’"+“""'^| . 


(><) p2 < 47r(2 + aim + a2m) < Pi: 

Pi := -21ogmax|l, (A(l - i)d(-,p^)) 2 ( 2 +“i-+“ 2 ™)| 

V 22 := -2 log max 11, max { 1 , (A(l - i))2(i+«i^)| (Ad(-,p™))^(i+“^-)} . 


(>>) pi,p2 > 47r(2 + ai m H“ Q^2m)- 

ipi := - 21 ogmax|l, A^-t)} ) (Ad(-,p^)) 2 (^+“i’"+“"-) 

¥>2 :=- 21 ogmax|l, ^ d(.,p„) 2 (i+“^-), (Ad(-,p™)) 2 ( 2 +“-+“^-) 

We will need some estimates on which will be proved in three separates lemmas and which, 
combined, will give the proof of the theorem. □ 

Convention: When using normal coordinates near the peaks of the test functions, the metric 
coefficients will slightly deviate from the Euclidean ones. We will then have coefficients of order 
(f + oa(1)) in front of the logarithmic terms appearing below. To keep the formulas shorter, we will 
omit them, as they will be harmless for the final estimates. 


f f ¥^2 \ 

Lemma 4.2. Let PitP 2 be as in Theorem J^.l. Then, setting Q := Q --dVg, 

in each case we have for A large 


(«) Q = 


87r(i + aim)^logA + 0 (l) ift<]- 
87r(f + a 2 m)^logA + 0(l) if t > - 


(<>) Q = 87 r (2 + aim + oi 2 mY logmaxjf. At} + 87 r(f + aimY log min <j A, ^ + 0(i). 

(><) Q = 87 r (2 + aim + a2mY logmaxjf, A (1 - t)} + 87 r(i + a 2 m)^ log min A 


f -t 


0 ( 1 ). 


(>>) Q — 87 r (2 + aim + Q: 2 m)^ log A + 0(1). 


Proof. Let us start by the case (<<). We assume ^ since the case ^ ^ can be treated in the 

very same way just switching the indices. There holds 


0 if d{-,pm) < ^ 

= < ,,, , ,Vd(-,p„) .,,, 1 

-4(1 +aim)—-^ ifd(a;,pm)>y 

d{-,Pm) A 


V(p2 = 0. 
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Therefore, since |V(i(-,Pm)| = 1 a.e. on E, we get 


Q= 7 / |V(/ 9 ipdF 3 = 4(l + ai™)2 / = 87 r(l + log A + 0(1). (25) 

In the case (<>) we can assume Xt > 1, since otherwise ipi,ip 2 are defined just like the previous 
section. We have 


0 


if d{-,Pjn) < 


1 


Vifii = 


1 + Q2m 

X{Xt) 

-4(1 + iid{x,pm)> - 

A(At)rf 


0 


1 


V(/?2 = 


if d{-,Pm) < ^ 

-4(2 + aim + a2m) ifii(x,Pm)>^ 

d{-,Pm) xt 


therefore 

Q = 


J ^ i ^ V(^1 • V(p2dF, + i ^ |V(^2|"dV(, 


4(1 + aim)^ [ 

J's:\B 


dW 


A(Xt) l + “lT, 


(Pm) 


— 4(2 + aim + <a 2 m)(l + <aim) / 

is\B 1 


dW 


S\B 1 (p™) d{-,PmV 


+ 4(2 + aim + <a 2 m)^ [ -J, - 

is\BjL(p™) d{-,Pra) 


= 87r(l + aim)^ log A + 87r(l + aim)(l + a 2 m) log(At) 

— 87r(2 + aim + <a 2 m)(l + Olm) log(At) + 87r(2 + aim + Oi 2 mf‘ log(At) + 0(1) 

= 87r(2 + aim + log(At) + 47r(l + a 2 m)^ log \ + 0(1). 


In the case (><) we can argue as in (<>) just switching the indices; similar calculations also yield 
the last case (>>). □ 

Lemma 4.3. Let pi,P 2 be as above. Then, in each case we have: 


(«) 


VSidVg = 


-4(1 +aim) log A+ 0(1) ift<- 


(<>) 


(X) 


0 


if t > - 
^ 2 


+ 2dVg = 


0 


if t < 


-4(1 + a 2 m) logA + 0(1) ift> 


/ +idl4 = -4(1 + aim)log A - 4(1 + a 2 m) logmaxjl, At} + 0(1), 

Jy. 

/ + 2 dVg = -4(2 + aim + a 2 m)logmax{l. At} + 0(1). 

Jy 

/ +idVg = -4(2 + aim + a 2 m)logmax{l,A(l-t)} + 0(l), 

Jy 

j + 2 dVg = -4(1 + a 2 m)logA - 4(1 + aim) logmaxjl, A(1 - t)} + 0(1). 
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[ ^l^Vg = [ ^2^yg + <^(1) = —4(2 + aim + Q^2m) log A + (^(1)- 

js is 

Proof. Let us consider the case (<<), t < Since we have 

—4(1 + aim) log niax{ 1, (i(*, Pm)} ^'t‘^iH“4(1H- aim) log A< —4(l + o;i m ) log d{-, Pm), 
with both the first and the last function having finite average over E, we are done. 

The same argument also works in all the other cases. 

Lemma 4.4. Let pi,p 2 be as above. Then, in each case we have: 


log J hie"^^ 2 dLg = 


log J h 2 e'^^ 2 dLg = 


-2(1 + aim) log A + 0(1) ift<- 

I 

2(1+ a 2 m)logA + 0(l) 

2(1 + aim) log A + 0(1) 

I 

-2(l + a 2 m)logA + 0(l) 


log /lie'll 2 dVg =-2(l + aim)logA-2(l + a 2 m)logmax{l,At}, 

Jy. 


log / /i 2 e‘^^ 2^ dLg = 2(1 + aim) min A, 


log / /lie'll 2 dVg = 2(1 + a 2 m) min j A,— 


log/ /i 2 e‘^^ 2 dVg =-2(1 + a 2 m) logA - 2(1 + aim)logmax{l, A(1 - f)}. 

Jy 


logy /lie'll 2 dLg =-(2 + aim + a 2 m) log I^A 

log J ^ 26 “^"“ VdLg = -(2 + aim + a 2 m) log ^A 

Proof. Again, we will just consider the first case. 

Given any 5 > 0, if d{-,pm) > b one has 


max{l, Af} 
max{l, A(1 — f)} 

max{l, A(1 — t)} 
max{l, Af} 


gVi-^ > 


y4(l+ai„) 




therefore we will suffice to consider only the integral on Bs{pm)'- 

log [ hie^^-^dVg = log [ d(-,Pm)"“^’"e‘"i-VdLg + 0(l) 

JBsipm) J Bs(pm) 


log f d(-,Pm)'“^™clFg+A-4(l+“i-) [ 

JBx{pm) JAi 


;(Pm) 




,X-2(l + cirn) 


^;^ 2{1 + q;i^) 
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2(1 + aim) log A + 0(1) 


log / hie‘^'^ 2 dVg = log 

J Bs{pm) 


JBi{pm) JAi ^(pm) 


(Pm) 


V 


0 ( 1 ) 


r^\-2(l + ^2m) 

2(1 + aim) log A + 0(1), 


□ 


Proof of Theorem f.l, continued. From the previous lemmas we can easily prove the theorem in 
the case xi = X 2 . In fact, writing 


Jp (fPl - Y,<<52 - y) ^ - y) dVg-^p, ^lOg^hiC"^' "2 'dl/g - j^ipidVg + ^^(^S-idVg^ , 


we get, in each case, 

(«) 


j f T2 

^p(‘^i-Y’‘^2-Yj = 


1 


2(1 + aim)(47r(2 + aim) - Pi) log A + 0(1) if t < - 


2(1 + a2m)(47r(2 + a 2 m) — P 2 ) log A + 0(1) if t > 


(0) 


(v?! - Y’'^2 - y) = 2(1 + Q!im)(47r(l + aim) - pi)logmin|A, |-| 

+ 2(2 + aim + a2m)(47r(2 + aim + a 2 m) - P 2 ) logmaxjl. At} + 0(1), 


(X) 


J f ^2 Pl\ 


2(2 + aim + a2m)(47r(2 + aim + 02 m) - pi)logmax{l, A(1 - t)} 

1 


+ 2(1 + a2m)(47r(l + a 2 m) - P 2 )logmin<^ A, --- } + 0(1) 


1 - t 


(») 


(v2l - Y’'^2 - y) = (2 + aim + a2m)(47r(2 + aim + a 2 m) - Pi)log ^A 


maxjl, A(1 — t)} 


max{l. At} 

(2 + aim + 02m)(47r(2 + aim + Q; 2 m) ~ P 2 ) log ^t)}) 


which all tend to —00 independently of t. 

Let us now consider the case xi ^ X 2 . 

Here, we define just by interpolating linearly between the test functions defined before: 

$^(a;i,a; 2 ,t) = $^l^“*l(a;i, a:i, 0 ) + $^*(0:2, ^2, !)• 

Since d{pm,Pm') > d > 0, then the bubbles centered at Pm and Pm' do not interact, therefore the 
estimates from Lemmas 4.2, 4.3, 4.4 also work for such test functions. We will show this fact in 
detail in the case pi,p 2 < 47r(2 + aim + Q!2m,),47r(2 + aim' + 02 m')- Writing 

(V 2 i,‘^ 2 ) = (-21ogmax|l,(A(l -t)d(-,pm))^^^’^“^"*^} ,-21ogmax |l, (Atd(-,pm'))^^^'^“^’"'^|) , 
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by the previous explicit computation of V(p 2 we get 
1 


Q = 


[ + ] [ \Vip2\MVg+0{l) 

JBsiprr,) 


= 87r(l + logmaxjl, A(1 — t)} + 87r(2 + a 2 m')^ At} + 0(1). (26) 

Moreover, by linearity, 

I ifidVg = -4(l+aim)logmax{l, A(l-t)}+0(l) [ <f 2 dVg = -4(l+a2m') logmax}!, At}+0(1). 

JT. Js 

(27) 

—(p2 

Finally, as before the integral of is negligible outside Bs{pm), and inside the ball we have 

< O on Bs(pm), hence 


— < 
Cs - 


P2- P2dVg 
JY. 


logj hie'^^-^dVg = log j max{l,At} 2 (i+“ 2 -')y 


B _ 1 (Pm) 

niax{ 1, j\(l — t) } 


d{-,Pm)^‘^^^dVg 


dK 


+ „„{1, A<}^<—>A,1 - 

A 

= 2(1 + a 2 m') logmaxjl. At} - 2(1 + aim) logmaxjl, A(1 - t)} + 0(1) 


and similarly 


log / ti 2 e‘^^ 2 dVg = 2(1 + aim) logmaxjl, A(1 - t)} - 2(1 + aim/) logmaxjl, At} + 0(1). 

Jy 

Therefore, by (26), (27) and (28) we deduce 

./p (<<3i - ^,</92 - ^) = 2(1 + aim)(47r(l + aim) -/Oi)logmax{l, A(1 - t)} 

+ 2(1 + a2m')(47r(l + a 2 m') - p 2 )logmax{l, At} + 0(1). 

This concludes the proof. 


□ 


5 Improved Moser-Trudinger inequalities 


In this section we will deduce some improved Moser-Trudinger inequalities when the two compo¬ 
nents have the same center and mass of concentration, in the sense defined by Lemma 2.11. 


Theorem 5.1. Let f5i(u),<,i{u) be as in Corollary 2.12. There exists 0 such that if 
f ^l(u) = /32 (u) = Pm with Pi,P 2 < 47r(2 + aim + a 2 m) 

[ <ii(u) = <i2(u) ’ 


then Jp(u) > —L. 

Theorem 5.1 is based on the following two lemmas, inspired by [34]. Basically, we assume mi and 
U 2 to have the same center and scale of concentration and we provide local estimates in a ball 
which is roughly centered at the center of mass and whose radius is roughly the same as the scale 
of concentration. Inner estimates use a dilation argument, outer estimates use a Kelvin transform. 
With respect to the above-cited paper, we also have to consider concentration around the boundary 
of the ball, hence we will combine those arguments with Theorem 2.8 and Lemma 2.9. 


+ 0 ( 1 ) 
(28) 
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Lemma 5.2. For any e > 0, ai, a 2 € (—1, 0] there exists C = Cg such that for any p € S, s > 0 
small enough and u G one has 


47r^(l + a^) [ log / d(-,p)^“'e“'dVg -UidVg ) - Stt ((1 + ai)^ + (1 + 02)^) logs 

V JBs{p) JbAp) J 

< {l+s) [ Qiu)dVg + C, (29) 

47r(l + ai) [ log /" -'/■ uidVg) 

V Jbs{p) Jb,(p) J 

+ 27rmin{l, 2 + Qfi + 02} ( log /" (i(-,p)^“^e“^dVg -■U2dVg | 

\ Jb,(p) j 

- 47r (2(1 + oi)^ + min{l, 2 + oi + a2}(l + ^2)) logs 

< (1 + e) / Q{u)dVg + C, (30) 

JB^ip) 

27r^ minjl, 2 + oi + 02} ( log /" d{-,e"^'dVg -'f WidVg ) 

7^ V -'s.(p) / 

- 47rmin {2 + ai + 02, (2 + ai + 02)^} logs 

^ {1F s) f Q(u)dVg + C. (31) 

JBJp) 


The last statement holds true if Bs{p) is replaced by fig simply connected belonging to ^Ss (see (16)^ 
and such that B^i^g-^^{p) C C B‘{p) for some (5 > 0, with C replaced with some Cs > 0. 

Proof. By assuming s small enough, we can suppose the metric to be flat on Bs{p), up to negligible 
remainder terms. Therefore, we will assume to work on a Euclidean ball centered at the origin: we 
will indicate such balls simply as Bg, omitting their center, and we will use a similar convention for 
annuli. Moreover, we will write |a:| for d{x,p). 

Consider the dilation Vi(z) = Ui{sz) for z G Bi. It verifies, for r G 


1 1 1 
8 ’ 4’ 2 



|zp“*e’'-(^)dz = s- 2 - 2 “- 



1^1 dx. 


^ ^-2-2a, / dx. 


/ Q{v{z))dz = / Q{u{x))dx, -r v(z)dz = -r u{x)dx, 

JBi JBs j Bi JBs 

To get (29), it suffices to apply (17) to ?; = (^^ 1 ,^ 2 ): 

47r^(l + Q:i) ^log J ^ |a:p“’e“‘l'^ldx — ^ Ui(x)da: — 2(1 + Oi) log s^ 

< 47r^(l + Q:i) ^log J ^ ^ Vi{z)d^ 

< (l + e) f Q{v{z))dz + C 

Jbi 

= (l + e) / Q{u{x))dx + C. 

Jb, 
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For (30), one has to use (18) on v, and the elementary fact that — < < C on Aiy. 

47 r(l + Oi) ^log J ^ ^ ui(a;)dx — 2(1 + oi) logs^ 

+ 27rmin{l,2 + Q!i + 02 } ^logy ^ ^ U 2 (x)dx - 2(1 + 02 ) log 

< 47r(l + Q;i) ^log J ^ — y '(;i(z)dx^ 

+ 27rmin{l,2 + oi + 02 } ( log /" e"'^^^''dVg{z) --f V 2 {z)dz\ + C 

< (1 + e) / Q{v{z))dz + C 

Jbi 

= (1+e) / Q{u{x))dx + C. 

Jb, 


Finally, (31) follows from Theorem 2.8: 


27r^ minjl, 2 + oi + 0 : 2 } ^logy ^ \x\‘^°‘'e'^'^^^dx — j' ?.ti(a;)da; — 2(1 + a^) log 

< 27r^ minjl, 2 + oi + 0 : 2 } [ log / Ui( 2 :)d 2 :] +C 

i=i \ -^^1.1 J 

< (l + e) f Q(v(z))dz + C 

Jbi 

= {l + e) f Q{u{x))dx + C. 

Jb^ 

The final remark holds true because of the final remarks in Theorem 2.8 and Lemma 2.13. □ 

Lemma 5.3. For any e > 0, ai,a 2 G (—1,0], d > 0 small there exists C = Cg such that for any 

p G T:, s G ^0, and u G iL^(E)^ with Ui\QBd{p) — ^ one has 

2 2 

47r^(l+ a3_i)log /" d(-,p)^“'e"Myg +47r(l+e)^(l Toi)-/ UidVg 

Ja^,+v) Jb.(v) 


' A2s,d(p) 

+ 87r(l + e) ((1 + ai)^ + (1 + 0 : 2 )^) logs 

< f Q{u)dVg + e f Q{u)dVg + C, 
J A, d(v) J B+(v) 


(32) 


47r(l + 02) log /" d(-,p)^“^e“MVg + 47r(l + e)(l + oi)-/ uidVg 

JAfi^^+p) J B^(p) 

+ 27rmin{l,2 + Qfi + 0:2} ( log /" d(-,p)^“^e“MVg + (1 + e)-/ U2dVg 

\ -'As,4a(p) J B+p) 

+ 47r(l + e) (2(1 + Qfi)^ + min{l, 2 + oi + Q!2}(1 + 02)) log s 

< f Q{u)dVg + e f Q{u)dVg + C, 

J As.dip) J Bd(p) 


(33) 


27r^min{l,2 + oi + 02 } (log /" d(-,p)^“‘e“MVg + (1 + e)-/ 

i=i \ •'As,2sip) J Bsip) 


UidVg 
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+ 47r(l + e) min {2 + ai + a 2 , (2 + ai + 02 )^} logs 


(34) 


< 


f Q{u)dVg + e f Q{u)dVg + C. 

•f^s.dip) JBaip) 


The last statement holds true if Bs{p) is replaced hy a simply connected domain Tls belonging to 
and such that Bss{p) C fig C B^^^i^^{p) for some (5 > 0, with C replaced hy some Cs > 0. 

Proof. Just like Lemma 5.2, we will work with flat Euclidean balls, whose centers will be omitted. 
Moreover, it will not be restrictive to assume -r Ui{x)dx = 0 for both i’s. 

JBg 


Define, for z G B^ and ci,C 2 < —2(2 + ai + 02 ), 

( 2 ci - C 3 _i) logs 


a z € Bg 




dSr 


+ (2ci - C 3 _i) log |z| if z G Ag^d 


By a change of variable we find, for r G ■( gj 2 


I—4—2ai—2c. 








dz = (ds) 


-2-2ai 


' Bs 


/ / |z| 

' A-pd,d '' ■^rd,d 


—4—2cti — 2c 


= (ds)- 2 - 2 “- [ 

J A. 




. | 2 a,g«,(Dda;. 


Moreover, by Lemma 2.13, we get 


-T Ui{x)dx — -f Vi{z)dz 

< 

'f Ui{x)dx —-r Ui{x)dx 

+ 

-f Ui{x)dx — d' Vi{z)dz 

Jb, j Bd 


Jbs JdBs 


JdB, JdBd 


+ 


-f Vi{z)dz - j- Vi{z)dz 

JBd J Bd 


< C'y y |VM(x)Pda; + |( 2 ci - C 3 _i) logdi + Cy/y |Vt>(z)| 2 dz < 

< s' f Q{u{x))dx + s' f Q{v{z))dz + Cd- 

Jb, J Bd 


Concerning the Dirichlet integral, we can write 

' d^s^ 

\/Vi{z) ■ \/Vj[z)dz = I [ 

'Bd 


j^Vv^{z)-Vvj{z)dz = (^^Vui(^sdj^'^ ■Vuj(^dsj^^-{2ci-C3-i)sdj^-Vuj(^ 


- {2cj - C3-j)sd-^ ■ Wui ( sd-j^ ) + 


(2Cj C3_j)(2Cj C3—j^ 


Vuj{x)dx 


dz 


/ S/uiix) ■'\/uj{x)dx - {2ci - C 3 -i) T 

JA,^a JA,,a I 

{2cj - C 3 -j) / T-^ • \7ui{x)dx - 2TT{2ci - C3-i){2cj - C 3 -j) logs 

JA.^d 1^1 

27r(2cj - C 3 -i){ 2 cj - C 3 _j) logd 

/ \/ui{x) ■ \7uj{x)dx + 2n{2ci — C 3 -i) d' Uj{x)dx 

J As,d Job, 

2-K(2cj - C 3 -j) -f Ui{x)dx - 27r(2ci - C3_j)(2cj - C 3 _j) logs + Cd, 
JdB^ 


therefore, since v has constant components in Bg, 

2 


/ Q{v{z))dz = / Q{u{x))dx + 2Tr^2ci-r Mi(x)da; — 27r (c^ — C 1 C 2 + C 2 ) logs + (7. 

Bd ^s,d i—\ dBs 


ds 
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The assertion of the lemma follows by applying Lemma 2.9 on Bd to v with different choices of 
Cl, C2. If we take ci = C2 = —2(2 + oi + 02), then we get 

47 r^(l + a3_,)log / 

1 = 1 J Ms.d 

< 4^V(l + a3-z) (log / |z|2“3-ie"‘(")dz + 2(l + a,)logs I +C 

V J 

2 

< {l + e')[ ( 3 (n(z))d 2 ; + 47 r^(l + a3_i)-/ Wj(z)d2: + 167 r(l + ai)(l + 02) log s + C 

Bd 2—1 Bd 

2 

< (l + e") / Q{u{x))dx + e” Q{u{x))dx + 4 :Tt'S ^{1 + a^-i)-r Ui{x)dx 

^s,d Bd j_l d Bs 

— 47r(l + £^^)(2 + Q!i + 0:2) ^ ' 'f Ui^x'jdx + Stt ( 2(1 + Q!i )(1 + 02) — (1 T ^^ 0(2 “f oi + 012)^) log s + C 

i=2 

2 

< (1 + c'") f Q{u{x))dx + e'" f Q(M(a;))dx + 47r^((l + q;3_j) — (1 + e "')(2 + oi + 02))-/ Ui{x)dx 

JB, JBd ”'■8, 

+ Stt (2(1 + Q!i)(l + 02) — (It T ol\ + Q!2)^) log s + C, 
that is, re-naming e properly, ( 32 ). 

Choosing ci = — 2(2 -|- oi -|- 02) and C2 = — 2 min{l ,2 -|- oi -|- a2} =■ — 2 m, we get 
47 r(l-ha 2 )log /" 27 rmlog / |a;p“=e“=^(^)da; 

-^Ss,d ^s,4s 

< 47r(l-ha2)log / |0r“l2+2“i+^“=’2a2}g«i(Tdz-H27rmlog /" 

•JBd J d j 

8 4 

-I- 47r(2(l -I- ai)(l T 02) T m(l -I- a2)) logs -I- C 

< ( 1 -I-e^) / ( 5 (ti(z))dz-I- 47 r(l-I-02) 7 vi{z)dz + 2 TTm d' V2{z)dz 

J Bd J Bd J Bd 

+ 47r(l-I-Q!2)(2(1 T oi) T m) logs-I-C 

< (1-l-e") / Q{u{x))dx + e'' Q{u{x))dx + dTT{l + a2) T ui{x)dx + 2 TTm'T U2{x)dx 

J A,^d JBd JBs J Bs 

— 47r(l-I-e")( 2 -I-ai-|-a2) 7 Ui{x)dx — 4 :Tr{l + e”)m-r U2{x)dx 

JdB„ JdB, 

-\- 47r ((1 -|- 02)(2(1 -|- oi) -|- 77i) — 2(1 -|- ((2 -|- oi -I- 02)^ — m {2 -\- oi T 02) T log s -I- C 

< ( 1 -I-e'") f Q{u{x))dx + e'" f Q{u{x))dx 

JA,^d JBd 

+ 47r((l-I-02) — (1 T e "')(2 T oi-I-02))-/ ui{x)dx — 2 Tr{l + 2 e”')m'f U2{x)dx 

Jbs j b^ 

+ 47r((l -I- a2)(2(l T oi) T m) — 2(1 -|- e"')((l- + oi )(2 -I- oi -I- 02) T (1 T a2)m)) logs -I- C, 
namely ( 33 ). 

Finally, taking Ci = C2 = — 2 m one finds ( 34 ): 

27 r^min{l, 2 -I-Qfi-I-Q; 2 }log f |a;p“T“’l^ldx 


< 27r^m[log/' -I-2(1-I-Oi) log s ) -I-C 

V ) 
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2 

< (l + e') / Q{v{z))dz + 2TTm'S^'T Vi{z)dz + dTTm{2 + ai + a 2 )\ogs + C 

JBi Jb^ 

2 

< (1 + e") / Q{u{x))dx + e” Q{u{x))dx + 2Trm'^^-r Ui{x)dx 

— 47 r(l + e")TO^-r Mi(a;)da; + 47 r (to( 2 + ai + a 2 ) — 2(1 + e")TO^) log s + C 

i=i Bb, 

2 

< (l + e") f Q{u{x))dx + s"' I Q{u{x))dx — 2 tt{ 1 + 2e"')m'^'f Ui{x)dx 

— 47 r(l + 2e'")TO(2 + ai + a 2 ) log s + C. 

The final remark holds true, like in Lemma 5.2, because of the final remarks in Theorem 2.8 and 
Lemma 2.13. In particular, when integrating by parts, one gets 

/ • Vui(x)dx = / Ui{x)■ v{x)dx =, 

Jbs\Qs m Jan, J^r ^ 

= :/(a;) 

r C C 

with / f(x)dx = 2 tt and |/(a;)| < — < 77 ^, therefore, by the Poincare-Wirtinger inequality 

Jon, s Ills I 


'an. 


Ui{x)f{x)dx - 2Tr Ui{y)dy 

Jan, 


< 


/ fix) ( u^ix) - f Ui{y)dy ) dy 
Jan, V Jan, / 

Cf Uiix)-f uiy)dy 

Jan. Jan. 


and 


< C f |Vui(a;)pda: 

Jn, 

< £ [ Qiu{x))dx + Ce, 

Jn, 

-T Ui{x)dx — f' Ui{x)dx <£ (5(M(a;))dx-I-Ce by Lemma 2.13. 

Jan, JdB, Jn, 


□ 


To prove Theorem 5.1 we also need the following lemma. It basically allows us to divide a disk in 
two domains in such a way that the integrals of two given functions are both split exactly in two. 


Lemma 5.4. Consider B := i?i(0) C and /i ,/2 G B{B) such that fi>0 a.e. x £ B for both 

i = 1,2 and / /i(a;)dx = / f 2 ix)dx = 1. Then, there exist 0 G and a G (—1,1) such that 
J B J B 

[ fi{x)dx= [ f 2 {x)dx=^ 

J {x^B: x- 8 <.a} J{xGB:x- 9 >a} ^ 

Proof. Define, for {0,a) G x (—1,1), 

Iii 9 ,a) := [ fiix)dx. 

J{xGB: x- 0 <ai{ 0 )} 

For any given 9 there exists a unique ai{9), smoothly depending on 9 such that Ii{9,ai{9)) = 
Define similarly 12(9, a) and 02 ( 0 ). 

Let us now show the existence of 9 such that ai(0) = 02 ( 0 ) := a, hence the proof of the lemma will 
follow. Suppose by contradiction that ai(0) < 02 ( 9 ) for any 9. Then, by definition, we get 

aii-9) = -ai{9) > - 02 ( 0 ) = a2{-9), 

which is a contradiction. One similarly excludes the case ai(0) > 02 ( 6 *). □ 
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Proof of Theorem 5.1. From Lemma 2.11 we have /? S n G (0j<^) such that 


f fi.udVg > 6 

[ fl,udVg > S 

[ f2,udVg > S 

[ f2,udVg > 6. 

Jb,{0) 

J^\B,i0) 

Jb,{0) 

7s\B,(/3) 


Moreover, from Corollary 2.12, we will suffice to prove the theorem for <2 ^ 

We have to consider several cases, roughly following the proof of Proposition 3.2 in [34]. 


f S 3 

Case 1 : / fi udVg > - for both i = 1,2, where S' := 2~^S. 

As a first thing, we modify u so that it vanishes outside Bs{l3): we take n G 

f Q{u)dVg <£ [ Qiu)dVg 

J A.,ri-lxlon + lsl{ 5 ) 


2 

1 ,- 

£ 


such that 


and we define u' as the solution of 
-Au', = 0 

u'i =Ui- 


in A2r.-i5/_2"+i5'(/3) 

-f u^dVg on5B2"5'(/3) 


32"5'(/3) 

u'i =0 on dB2n+is'{f3) 


u'i verifies, by Lemma 2.14, 

f Q{u')dVg < C f Q{u)dVg < Cs f Q{u)dVg. 

^2"-ii',2"+ia'(/3) •'2l2n-ia/_2"+i5'(/3) •'S 

We obtained a function for which Lemma 5.3 can be applied on Bs{P). This was done at 
small price, since the Dirichlet integral only increased by £; moreover, u' and u coincide (up 
to an additive constant) on Bs'{l3), which is where both /i,u’s attain most of their mass. 


f s 

Case l.a : / fi udVg > - for both i = 1, 2. 

J 3,(13) ’ 2 


We apply Lemma 5.2 to u on with := aim for * = 1,2. From (29) we get 

47ry^(l + aj„^) [log /" hie''’' dVg -'f UidVg ) - Stt ((1 + ai„)^ + (1 + a 2 m)^) log 
i=i \ J 

< diT'^{1 + a^m) (^Og [ hie“MVg - 

i=l \ ■^B,{I3) Jb 


UidVg 


'B,(p) 


- Stt ((1 + aimf + (1 + a 2 mf‘) log I + 47r(2 + aim + a 2 m) log ^ 

< 4^V(l + a,„) ( log / d(-,/3)2“™e“‘dCp-/ M.dCg) 

i=i V J 

— Stt ((1 + aim)^ + (1 + a 2 m)^) log 2 ^ 

< (! + £)/' Q(u)dVg + C. 

Jb,{i3) 

We then apply Lemma 5.3 to u' on Bs{fi) \ B-L{(j). 

2 „ ^ 2 „ 

47r V(l + a 3 _i^„)log / /i,e“'dVg +47r(l + e) ^ ( (1 + aim) I UidVg 

.-1 Jb,(0) 


( 35 ) 
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I CM 




+ 

87r(l + £) ((1 + aim)^ 

+ (1 + a2m)^) log - 



< 

2 

47r^(l + a3_i,m)log 

f hic'^'dVg + in{l + e] 

iV(l + aim)/ u'dVg 



i=l 


i=l JB^iP) 


+ 

87r(l + e) ((1 + aim)^ 

+ (1 + a 2 m)^) log - + 47r(2 + 

2 

aim + a 2 m) log ^ 
d 


< 

2 

47r^(l + a3_i,m)log 

2 

[ d(-, /3)2“™e“-dFg + 4^(1 + e) V(1 + a,m) / 

u'idVg 


i=l 


z=l •/Sj(/3) 


+ 

87r(l + £:) ((1 + aim)^ 

+ (1 + a2m)^) log 2 ^ 



< 

f Q{u')dVg+e 

[ Qiu')dVg + C 





Jb,,{P) 



< 

[ Q{u)dVg + Ce[ Q(u)dVg + C'. 


(36) 



Je 




By summing (35) and (36) and renaming properly e we get Jp^^p^{u) > —L for := 
47 r (2 + aim + ct 2 m) — £) which means, being e arbitrary, Jp{u) > —L. 


f s 

Case 1.6 ; / fi udVg > - for both i = 1, 2. 

The result follows arguing as before, still applying Lemmas 5.2, 5.3, but this time on 
B 2 ^(/ 3 ) and A2^,s'(/3). 


Case l.c : 


f fl,udVg > ^, [ fl.udVg > ^, [ f2,udVg > ^, [ f2 ,udVg > 

dB|(/3) ^ 4 ^ 4A,,4d/3) 

We still apply Lemmas 5.2 and 5.3, respectively on B^{j3) and but this time we 

will exploit (30) and (33): we get 


47r(l + aim) log / 6ie“idVg - f uidVg 

V JB.iP) J 

+ 27rmin{l, 2 + aim + a 2 m} (log / h 2 e“^dVg - -T U 2 dVg ) 

V Jb,(p) J 

— 47r (2(1 + Q!im)^ + min{l, 2 + aim + Q! 2 m}(l + Q: 2 m)) log <? + C 

< 47 r(l+ Q!im) I log /" d(-,/ 3 )^“i™e“M 14 - uidCg) 

V Jb,{P) j 

+ 27rmin{l,2 + Q!im + a 2 m} (log /" d(-, -'Z U 2 dVg) 

V Jb,( 0 ) j 

- in (2(1 + aim)'^ +min{l,2 + aim + a 2 m}(l + 0 : 2 ™)) log? + C 

< (l + £) / Q(M)dl4 + C', (37) 

Jb,(P) 


and 


47 r(l + a 2 m) log / 6ie“M14 + 47 r(l+e)(l + aim) T widVg 

JY. J B^{p) 

+ 27rmin{l,2 + aim + a 2 m} (log / 62 e“MVg + (1 + e)-r widVg 

V Jb,(p) , 


28 


I Ok, 


+ 47r(l + s) (2(1 + aim)"^ + min{l,2 + aim + a 2 m}(l + a 2 m)) log^ 

< 47r(l + a 2 m) log /" + 47r(l+e)(l + aim) / Ui^Vg 

JAs^.dip) Jb^{p) 

+ 27rmin{l,2 + aim + Q!2m} ( log /" d{-,p)‘^°‘^’^e'^^dVg + {1 + e) ^ U2dVg ) 

\ J a^,4,^{p) Jb^(p) J 

+ 47r(l + e) ( 2(1 + aim)^ + min{l, 2 + aim + Q! 2 m}(l + cx2m)) log + C 

< f Q{u')dVg + e f Q{u')dVg + C, 

[ Qiu)dVg + Ce [ Q{u)dVg + C, 

Ja^,,(B) is 


< 


.,6'(/3) 

As before, Jp{u) > —L follows from (37), (38) and a suitable redefinition of e. 


(38) 


Case l.d : 


[ fl,udVg [ fl,udVg > ^, [ f2,udVg > ^, [ f2,udVg > 

Here we argue as in case 1.&, just exchanging the roles of ui and U 2 - 


Case l.e ; 


fi,udVg > - for both i = 1, 2. 


We would like to apply (31) and (34) and argue as in the previous cases. Anyway, we 
first need to define such that both components have some mass in both sets. We cover 

L 

A|_8<j(/ 3) with balls of radius —; by compactness, we have A|_8^(/3) = (J with 

1=1 

S 


L not depending on therefore there will be xi ^, xi^ such that / fi,udVg 

64 \ I / 

We will proceed differently depending whether xi^^ and xi^ are close or not. 


> —. 
- 4L 


Case l.e' : d{xi^,xi^) > 


16' 


We divide each of the balls B ^{xi^), B ^[xi^) with a segment {x : {x — xij-9i = Ui}, 

with 9i S and ai £ (—— p in such a way that 
V 64 64/ 




64’ 64 
kudVg > — f 


r 1 /i.iidVg > . 

,(^x—xi^y9i>ai J 


We can define as the region of Bs<{l3) delimited by the curve defined in the 
following way: 

Since d [B^{xi^), B^{xi^)^ > —, we can attach smoothly one endpoint of each 
segment without intersecting the two balls. We then join the other endpoint of each 
segment winding around /3. 

Since B^{xi^) C A^^9^(/3), we can build in such a way that dQ.g C 10 ^ 

and G Qlsg (see (16) and Figure 3). Moreover, by construction, 

f fi,udVg > — f fi,udVg > — , 

Jb,,(I3)\Q, 8F 

hence Lemmas 5.2 and 5.3 still yield the proof. 


Case l.e" : d{xi^,xi^) < —. 


Since (a;; (a;; J C BA.;(a;iJ, we apply Lemma 5.4 to:= 


hje^ 


jg ^h^e“-dV'„ 
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Case 2 


to find 0 G S^, a € 


_A A ^ 

64'’’ 64 7 


such that 






fi.udVg > 








f^,udVg > 


_5_ 


We now join smoothly (and without intersecting the balls) the endpoints of the 
segment {a; : (a; — a;;^) ■ 0 = a} with an arc winding around /3. Then, we define as 
the region of Bg{/3) delimited by the curve made by such an arc and that segment. 
Since C as before we will have B^{I3) C fig C Biog{l3) and 

fig & ^Sg, and we can argue again as before because clearly 




fi.udVg > 


8L 


fl,udVg > 






Figure 3: The set respectively in the cases l.e' and l.e". 




fi.udVg > 


- for some i. 
2 


It will be not restrictive to assume i = 1. 


If we also have 




/ 2 ,«dVg > 


I 

2 ’ 


with 


S” : 2 ‘S', then we get Jp{u) > —L by applying Lemma 2.10, as in the proof of Corollary 
2.12. Therefore we will assume 



f2,udVg > 


5_ 

2 ' 


The idea is to combine the previous arguments with a macroscopic improved Moser-Trudinger 
inequality. 

As a first thing, define u" as the solution of 


-A< = 0 


u'l = Ui- 

< = 0 


UidVg 


• m 


in A 2 »i- 15 //_ 2 "+ 15 "(/^) 
on dB 2 r^s"{P) 
on dB2r.+is"il3) 


with n G 



such that 


2n + ls> 


( 0 ) 


Q{u")dVg <C f 
J A. 


, 2 »i + l5" 


(/ 3 ) 


Q{u)dVg < Cey Q{u)dVg. 
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f s 

Suppose u satisfies the hypotheses of Case l.a, that is / fi.u^iVg > for both i = 1,2. 

C/5) 

Then, clearly (35) still holds, whereas (36) does not because we cannot estimate the integral 
of / hie^^AVg with the same integral evaluated over A^^s"■ 

Jt. 

Anyway, by Jensen’s inequality and Lemma 2.13 we get 


log / hie^^dVg > log / hie^^dVg — 




if}) 

9 


g - I UldVg 

-B2"5" (/3) 


> 


,(/3) 


MidVg + log 


A ay a//(/3) 


loghidVg - 


As" ,„(/3) 


S2-a"(/3) 


> -s f Q{u)dVg - C, 


hence we obtain 

47 r(l + Q! 2 m) 


UldVg + 47 r(l + ai,„) log / h 2 e^'^dVg 
B^^s'dP) •'S 


2 „ 

47 r(l + e) ^^(1 + oiim) 7 UidVg + 87r(l + e) ((1 + aim)^ + (1 + 0'2m)^) log 

i=l ^ 

[ Q{u)dVg + Cs [ Q{u)dVg + C. (39) 

Ja,_,„{I3) Jy. 

Now, by Jensen’s inequality and a variation of the localized Moser-Trudinger inequality (17), 


< 


471 1 -t min aim' fog / /iie“MVg - / UidVg 

V / \ Jy\b,,{I3) Jy J 

< 471^^ fl,l+ min flog f hie^'dVg - f ufoVg ) +C 

~^i V / \ Js\B,,(/3) Jy J 


^ {1 s) f Q{u)dVg J- C. 

Jy\b^{P) 


(40) 


By summing (35), (39) and (40) we get Jpi^,p 2 e{'^) ^ ~L, with 


Pie := 471 min 2 J- aim + Q! 2 m, 1 + aim + min (1 J- aim’) >-£ P 2 s '■= 47 i( 2 -|-aim-|-Q; 2 m)-e, 

I m'^m j 

therefore Jp(m) > —L. We argue similarly if we are under the condition of Cases 1.6, l.c, l.d, l.e. 


The proof is thereby concluded. 


□ 


6 Proof of Theorem 1.1 

We are finally in position to prove the main existence theorem of this paper. Its proof will follow 
by showing that low sub-levels are dominated by the space X (see [22], page 528), which is not 
contractible by the results contained in Section 3. In particular, we have the following lemma, 
whose proof is given below. 


Lemma 6.1. For L ^ 0 large enough there exist maps 4> : A —>■ ^ and : Jp^ ^ X such that 

ih o $ 7 s homotopically equivalent to Idx- 

Proof of Theorem 1.1. Suppose by contradiction that the system (3) has no solutions. By Lemma 
2.4, J~^ is a deformation retract of jjf, hence by Corollary 2.5 it is contractible. Let i7(C, s) : 


UidVg 
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X X [0,1] —i' X be the homotopy equivalence defined in Lemma 6.1 and let H' be a homotopy 
equivalence between a constant map and Id j-l. 

Op 

Then H"{C,,s) = s)) : T x [0,1] —>■ T is an equivalence between the maps o $ and 

a constant and H” * iL is an equivalence between Id^' and a constant map. This means that X is 
contractible, in contradiction with Theorem 3.2. □ 

To prove Lemma 6.1 we need the following estimate. Notice that the choice of r (see the proof of 
Lemma 2.11), which was not relevant in all the rest of this paper, will be made in the proof of this 
lemma to let the following result hold true. 


Lemma 6.2. Let 5 be as in Lemma 2.11, Piiu), (,i{u) he as in Corollary 2.12 and as in Theorem 
4 . 1 . Then, for a suitable choiee ofr, there exists Cq > 0,6' G (0,(5) sueh that: 


• If either t> 1 — ^ or 
' ~ X 


1 

^>2 


Xi = X2 =: Pm 
PIt P 2 < 47r(2 + aim + CK 2 m) 
otherwise, (Ji (4>''(C)) < 6 and /3i (4>'^(C)) = Xi. 


then Cl (4’^(C)) > 


• If either t < ^ or 
' ~ A 


1 

^<2 


Xl = X2 =■■ Pm 
Pl,P 2 < 47r(2 + aim + a 2 m) 
otherwise, C 2 (4>'^(C)) < 6 and j32 (4)'^(C)) = X 2 . 


then C 2 (4*^(0) > i 


Proof. We will only prove the statements involving ci and /i,$a(c), since the same proof will work 
for the rest, up to switching indexes i = 1,2. We will show the proof only in the case X 2 = p'm^ P 2 > 

Att{ 2 + aim' + ct 2 m'): wlfich is somehow trickier because (pi does not vanish when t > 1 — —. Let 

A 

us write 

*>1 = (*>Lk‘’+dk.) = (dfL‘’-21<>gm“{l(V)“‘"““'*““'’‘i(^P™0"‘'+““''})^ 


T 2 = 




A(l-t) At 

Pm ' 


= ifP 2 ^pJ^ - 21ogmax|l, (Atd(-,p„i/))^(^+“i"*'+“"™')|) . 


Co 


From the definition of ci, we have to show that, if t > 1-—, then 

A 


' Bs'(Pr, 


/l_$>(<^)dVg < 


Vm" = 1,... ,M. 


It is not hard to see that, for any m” ^ m,m', 


which is smaller than any given r if S' is taken small enough. Roughly speaking, cannot 

attain mass too near p^ because its scale depends on A(1 — t) which is bounded from above. 

Moreover, is constant in B 2 + 0 ,,^+ 0 ,,^ , hence for large Co 

(A(l-t)) (p„) 


l a±^lrn±^ 2 rnl^P'’ 


/i.$A(^)dR3 < CCo 


2(l+ai„ 


l+Qi, 


(2 + <»lm+<»2m,) 

l + oim 


(Pr, 


d{-,Pm)'^°‘^’"dVg < - <T. 


On the other hand, a part of the mass of /i.ci>a(c) could actually concentrate near p'.^, but not all 
of it. Here, we will have to take r properly. Since 


hie‘*'^-^dVn < Ce 


A(l-t) 

r I >(i-t) ^ 2 .p„ 

JS I 2 


dVa 


( 


' Bs (Pm') 


CL) 


d{-,Pm'f^^-'dVg 


at) 


32 








(«) l + i 

+ (At)-4(2+“i^'+“2™') f d(.,p„,)'“^-'d^s I 

a (p„') / 

At ’ 2 / 




< Ce 


A(l-t) 

r I 

Js I ^l.Pm 2 


dVa 


(At) 


— 4(2+0;^^/+ a2r7 


and 


''4a ,(p„ 


then 


/iie‘'’'-TdVg > 


/ A(l-t)\ 

j. 


A(l-t) 

1 f I ^A(l-t) y2,p^ 

1 JS I ^l,Pm 2 


d^a 


(At) 


—4(2+a^^/+a2^/) 




d(-,Pm')^“''™'dVg 




dy„ 


(At) 


-4(2+ai„,+a2„/) 


Therefore, setting r := 


'Sa (p„ 
2 


•^Sa (p„') (72 

A.i^COdV)? < -:-7^ < 


1 + C2 


•^Sa(p„') ■^l’4>^(C)dh'g 1 + 


we proved the first part of the Lemma. 


Co 


Let us now assume t < 1 — —. From the proof of Lemma 4.4, we deduce that the ratio 

A 

Bs(pr„) — (O 9 jj^pj.gg^ggg arbitrarily as A(1 — t) increases. Therefore, for large Co, most of 

■IsdPm") A,<i>^(c)dF, 

the mass of /i.$^((;) will be around Pm, hence by definition we will have /3i ($^(C)) = Pm and 

^i($^(C))<<5. □ 

Proof of Lemma 6.1. Let 6 be as in Lemma 2.11, f5i{u),<,i{u) be as in Corollary 2.12 and 5' be as 
in Lemma 6.2. Take now L so large that Corollary 2.12 and Theorem 5.1 apply. 

We define $ = as in Theorem 4.1, with Aq such that $^(T’) C Jff^^ for any A > Aq. As for 
df : J~'^^ —)■ X, we write 


r 0 if<?2(M)>d' 

4'('u) = (/3i(M),/32(ii),t'(<Ji('u),<^2(u))) with t'(<ji('u),i; 2 (u)) = < ^ . if <?i (w), <^2 (u) < <5' 

2d'- ci(u) - <?2 (m) 

[1 if <?i (u) > S' 

Let us verify the well-posedness of 4>. The definition of t' makes sense because, from Corollary 
2.12, Jp(u) < —L implies min{^i(ii),(r 2 (M)} < S' . Moreover, if t' > 0 (respectively, t' < 1), then 
<:i < d is well-defined (respectively, <^2 < d is well-defined), hence /3i (respectively, jS^) is also de¬ 
fined. Finally, 4^ is mapped on X because, from Theorem 5.1, when Jp{u) < —L we cannot have 

{Pi{u),l52{u),t'{(,i{u),<,2{u))) = [pm,Pm,]^ with pi, p 2 < 47r(2-|-Oi m “1“ Q^2m)- 

To get a homotopy between the two maps, we first let A tend to -l-oo, in order to get xi and X 2 , 
then we apply a linear interpolation for the parameter t. 

Writing 4- ($\C)) = (/3 i^C),/ 32 (C)A'^(C)), we have F = F 2 * Fi, with 

Fi '■ (C,s) = ((a^i,a;2,t),s) (C),/32(C)(C)^ 

F 2 : {xi,X 2 ,t'^°{(f)) ^ {xi,X 2 ,{l - s)t'^°{C,) + st) . 
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or we 


We have to verify that all is well-defined. 

If we cannot define ((), then by Lemma 6.2 we either have t > 1 — 


Co(l - s) 


> 1 - 


Cn 


Ao Ao 

are on the first half of the punctured segment. By the same lemma, we get ci ^ ^^that is 

= 1. For the same reason, if /32~‘ (C) is not defined, then = 0, so Fi : X x [0,1] —)■ 

^Pi,ai *^P 2 ,a 2 makes sense. 

Its image is actually contained in X because, from Lemma 6.2, if x\ = xi and p < 47r (x) + bJa^ (x)), 

then either € {0,1}, hence in particular it does not equal f 

^ Co 

Concerning Cj, the previous lemma implies PI ° (^) = Xi if f < 1-—(1 — s), hence in par- 

A 

ticular passing to the limit ass—>-1, ift<l. A similar condition holds for P 2 , which gives 
.p2(-,0) = Fi(-,1). If xi is not defined then = I, hence (1 — s)t’^°{Q -f st = I, and sim¬ 

ilarly there are no issues when X 2 cannot be defined. Finally, by the argument used before, if 

xi = X 2 = Pm and pi,p 2 < 47r(2 -|- aim + a 2 m), then (1 - s)t'^°{C) + st □ 


7 Proofs on the non-existence results 

7.1 Proof of Theorems 1.3,1.4 

In this section we will consider some cases that are not covered by Theorem 1.1. They are both 
inspired by [2] (Propositions 5.7 and 5.8, respectively). 

We start by considering the case of the unit disk (]B,po) with one singularity in its center. Even 
though we are not dealing with a closed surface, most of the variational theory for the Liouville 
equations and the Toda system can be applied in the very same way to Euclidean domains (or 
surfaces with boundary) with Dirichlet boundary conditions. This was explicitly pointed out in 
[2, 4] for the Liouville equations, but still holds true for the Toda system, since blow-up on the 
boundary was excluded in [27]. In particular, the general existence result contained in [ 6 ] holds 
on any non-simply connected open domain of the plane, since such domains can be retracted on a 
bouquet of circles. 

Concerning simply connected domains, we have minimizing solutions in the range of parameters 
Pi < 47 r(l -I- ai), p 2 < 47 r(l + 02 ), as well as the configuration {Mi, M 2 , M 3 ) = (1,1, 0) in Theorem 
1.1. The region generating minimizing solution is colored in orange in Figure 4, the region gener¬ 
ating min-max solutions in colored in green. 

By Pohozaev identity we show that most of the remaining set of parameters yields no solutions, 
colored in blue in the figure, and this holds in particular if one or both pPs are large enough. 

Theorem 1.3 still holds if ai = q ;2 = 0, that is if we consider the regular Toda system. Here we 
still have solutions in the second square ( 47 r, 87 r)^; arguing as in [34] we get low sub-levels being 
dominated by a space which is homeomorphic to \ ~ . This was confirmed in [26] , where 

the degree for the Toda system is computed, and in this case it equals —1. Figure 4 shows that 
there might not be solutions in each of all the other squared which are delimited by integer numbers 
of 47 r. In particular, this shows that the degree is 0 in all these regions. 


Proof of Theorem 1.3. Let u = (iti, U 2 ) be a solution of (12). Since both components vanish on the 
boundary, for any x G 9B one has Vui(x) = (Vui(x) ■ v{x))v{x) =: dvUi{x)i>{x) for both i = 1,2. 
Therefore, one can apply a standard Pohozaev identity: 


{{duUif X duUidyU 2 + {dyU 2 )‘^) dcr 


= 2 


{duUiY - 


2 VmiP , „ „ Vmi-Vm2 , IP, 12 |VM2p 


d„uid„U2 - 


+ {d^U 2 ) — 


da 


2 2 2 

(2(x • Vmi(x))Ami(x) -I- (x • Vui(x))Am2(x) -|- (x • Vu 2 (x))Atti(x) -I- 2(x • Vw2(x))Am2(x)) dx 
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Figure 4: Values of p which yield existence and non-existence results for (]B^,(7o)- 


= -3 


Pi 


Ib |a:P“^e"d^)da: 


[{x ■ Vui(x))|a;p“ie“d^)dx - 3 

Jm 


P2 




/g |a:P“2e«2(a;)da; 

2aig«2dcr 




For the boundary integral, we can perform an algebraic manipulation, use Holder’s inequality and 
then integrate by parts: 


I OK 


{{d^ui^ + dvUidi,U 2 + {di,U 2 Y) dtr 


J (^{d^ui + 2 duU 2 f + da 


> 


— ( - 

27r yd 

1 

27r 


dijUida + 2 / d,jU2da ) -I- 


dj^uida 


'SB 


d^uida ) + 


d^Uida 


'OB 


d^U 2 da 


d^U2da 


/ Aui(a;)dx] + ( / Aiti(a:)da:] ( / Au 2 (a;)da;] + ( / Au 2 (a;)dx 
JB J \Jb J \jB / \Jb 


1 

27r 


= ^(Pi- P^P^ + pI) ■ 

Therefore, we get as a necessary condition for existence of solutions: 

2 2 A f /a* I ■ I • p“ie“’^dcr 

PI-PIP 2 + P 2 = |xP«ie“dx)da: + |:rp-.e-Wdx + 

> 47r(l -I-ai)pi-I- 47r(l -I- Q!2)p2- 

This concludes the proof. 

Let us now consider the standard sphere (S^,go) with two antipodal singularities. 


□ 


In Theorem 1.4 we perform a stereographic projection that transforms the solutions of (3) on on 
entire solutions on the plane, and then we use a Pohozaev identity for the latter problem, getting 
necessary algebraic condition for the existence of solutions. 

Such a Pohozaev identity yields an algebraic condition which is similar to the one which appears in 
Theorem 1.3. It can be deduced in the same way as was done in [16] for the scalar Liouville equation. 


Theorem 7.1. Let Hi,H 2 € L^^^ (K^) be such that, for suitable a > 0, b > —2, C > 0, 

^ < Ff*(a:) < C|x|'’ Va; G Hi(0) \ {0} 0 < iLi(a;) < C'lxj'* Vx G \ Hi(0); 

(_/ 
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let U = (Ui,U 2 ) be a solution of 


' -AUi = 2Hie^^ - on 

-AC/a = 2i/ae^" - Hie^^ on 

< f (|a;r +|a;|'')e^i(^Ma; <+00 

/ (|a;|“ + |a;|^) < +oo 


and define 


Pi 



■- [ {x-VHi{x))e^^^^^da 
iR 2 


Then, 


Pi - P 1 P 2 + pI- 47rpi - 47rpa - 27rTi - 2ttt2 = 0. 


* = 1 , 2 . 


We get non-existence of solution for the parameter p belonging to two or more regions of the posi¬ 
tive quadrant. Such regions are colored in blue in Figure 5, whereas orange and green regions are 
the ones for which we have existence of solutions. The pictures show that non-existence phenom¬ 
ena may occur in each of the rectangles where the analysis of Theorem 1.1 gave no information. 
Using the notation of the theorem, these are the cases (Mi, Ma, M 3 ) G {(1, m, 0), (to, 1, 0), (2, 2,1)}. 


We remark that Theorem 1.4 also applies to the case of aim > 0. This shows that the existence 
result in [ 6 ] cannot be extended if the hypothesis of positive genus of E is removed. 



Figure 5: Values of p which yield existence and non-existence results for (S^,( 7 o)j in two different 
configurations of an, Oia, 021 , Q!a 2 - 


Proof of Theorem 1.4- Let u = (ui,U 2 ) be a solution of 


Ago Ml 

= 2pi 1 

f e“i 

1 


47r 

AgoU2 

= 2P2 1 

f e “2 

1 

V/§2 e“^dUgo 

47r 


P2 

Pi 


1 


/§2 e“MUg„ 47r 
1 


- — 1 - 47raii - — I - 47rai2 \ S„^ - — 


Att 

1 


1 


ri2 0p2 


- — ) - 47ra22 Mpi - — 1 “ dTraai { 5p^ - — 


and let If : \ {^ 2 } 


/§2e“MUg„ 47ry y pi 4 ^ 

^ be the stereographic projection. Consider now, for a; G 


Ui{x) := ui (n \a;)) + log(4pi) - log J^ e^^dVg„ - 2aii log \x\ + “ «ii “ “ 12 ) log (l + |a;|^) 

U 2 {x) := U 2 (n“^(a;)) + log( 4 p 2 ) - log J^ e^^dVgg - 2 a 2 i log \x\ + “ « 2 i - a 22 ) log (l + \x\'^) 


36 
































U = {Ui,U 2 ) solves 


-AUi = 2iJie^i - H 2 e^^ 

/ 

-AC /2 = 21726^" - Hie^^ 

Hi{x) 

f Hi{x)e^^^^^dx = Pi 

with < 

Jm 

7 / 2 ( 2 ;) 

/ H 2 {x)e^'^^'^"> dx = p 2 

Jm 

1 


X 


2 oii 


(1 + + S 

|a;p“ 2 i 

(1+ |a;|2)2 + «21+a22-fj + fi 


From Theorem 7.1, a necessary condition for existence of solutions is 

pI — P 1 P 2 + pI — 47rpi — 47rp2 — 2ttti — 2'kt2 = 0. 
with Ti,r 2 as in the lemma. Moreover, by the definition of Hi,H 2 , we have 

X ■ VHi{x) = 2aiiHi{x) - 2 (2 + an + .^ Hi{x) 

for both i’s, hence we get 

^ , ,o 


( 41 ) 


Ti — 2aiiPi — 2(2 + an + ai2 ~ ^ 4 " 


with 


/B 2 


Hi{x)da 

1 + kc 2 


Therefore the necessary condition (41) becomes 

Pi + P 2 - P 1 P 2 - 47r(l + aii)pi - 47r(l + a 2 i)p 2 + 4:Tt (2 + an + ai 2 - ^ + t[ (42) 

+ 47r (2 + a2i + “22 - g + £) t' = 0. 

Using the straightforward inequalities 0 < t' < pi and discussing the cases 2 + an + ol^ = ^— 

^ 27r 

^ , one can easily see by algebraic computation that (13) and their opposite inequalities are in 

contradiction with the aforementioned necessary condition. 

{ o I I __ ^2 

2 + an + ai2 — -— 22 

P 2 pi , then (42) just becomes Pi+P 2 ~PiP 2 — 47 r(l + aii)pi — 
2 + a 2 i+a 22 = 2 ^-^ 

47r(l + Q; 2 i)P 2 = 0- Anyway, one can easily see that these two conditions are equivalent to having all 
equalities in (13); this is the reason why we need to assume at least one inequality to be strict. □ 


7.2 Proof of Theorems 1.5 and 1.6 

We start by proving Theorem 1.5. We will argue by contradiction, following [11] (Theorem 4.1). 
Basically, we will assume that a solution exists for some an, 0:12 —> ~1- We will consider such 

n—>-+oo 

a sequence of solutions m", we will perform a blow-up analysis, following Theorem 2.1 and we will 
reach a contradiction. 


Proof of Theorem 1.5. Assume the thesis is false. Then, for some given ap^, 02 ^, p ^ there 

exist a sequence (aii, a^i) —^ (“!> ~ 1 ) ^ sequence m" = (m", ) of solutions of 

n—>-+oo 

/ 

-A< = 2pi 

< 

-Au” = 2p2 

with hi, /12 such that /i" ~ fi(-,pi)^“n. It is not restrictive to assume 


hfe< \ ( 

j^hJe-UVg I U^hJe-UVg 

4^^e“2"dVg / [f^h^e^ldVg 


dVg = 
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We would like to apply Theorem 2.1 to the sequence it". Anyway, since the coefficients are not 
bounded away from —1, we cannot use such a theorem on the whole S, but we have to remove a 
neighborhood of pi. A first piece of information about blow-up is given by the following Lemma, 
inspired by [11], Lemma 4.3. □ 


Lemma 7.2. Let d > 0 small be given and it" be as in the proof of Theorem 1.5. Then, ufjulf 
cannot he both uniformly bounded from below on dBs{pi). 

2 u^ ti" 

Proof. Assume by contradiction that inf uf > —C for both i’s and define u" := ——-. Then 

dBs{pi) 3 


I -Ai;" = Pi - l) >-pi in Bs{pi) 

I i;" > —C on dBs(pi) 

By the maximum principle, u" > —C on Bs{pi), therefore by the convexity of the exponential 
function we get the following contradiction: 


-boo 


4- + 00 

J E 

< 

c 

< 

c 

< 

c 

< 

c. 


•^0 v/-'l / 

\^Jbs(pi) ^ JBi(pi) 


/ h^e^^dVg + 

' Bs(pi) JBs(pi) 


dVg 


This concludes the proof. 


□ 


Proof of Theorem 1.5, continued. Let us apply Theorem 2.1 to it" on 17 E \ Bsfpi) for some 
given small d > 0. By Lemma 7.2, boundedness from below cannot occur for both components, 
therefore we either have blow-up or (up to switching the indexes) u" —> —oo uniformly on 

n—>-+oo 

Y,\ Bs{pi). In other words, 
h’le"" 


Pi 


/e hfe'^ldVg 


-f y'cri(a;)(5,, 

n—>-+oo 

.S\Ba(pi) xeS 


P 2 


htie'^^ 


f^h^e^SdVg 


■S\Bs {pi 


n —>-+00 


r 2 


^cr2(2^)4, 


x^S 


where we set 5 = 0 if blow up does not occur. Anyway, being 6 arbitrary, a diagonal argument 
gives 


Pi 




J^hfe'^idVg 


cri(a;)(52,-|-(Ti(pi)(5p 

xGS 


P 2 




/12 e“2 dVg 


r2+^ (J2{x)6xP(J2{pi)5p^, 
x£S 


with cri(pi) = Pi-^ 0-1 (x) and cr 2 (pi) = P 2 -^ ^ 2 ( 0 ;) - / r 2 dVg. 
xes xes 

By a variation of the Pohozaev identity (see [28], Proposition 3.1 and [ 8 ], Lemma 2.4), we get 

(Xiipif - CTi(pi)cr2(Pi) + (^2{pif = 0, 

that is cri(p) = < 72 {p) = 0. In particular, we get pi = y^cri(a;), which means either pi = 0 or 


x^S 


P G This contradicts the assumptions and proves the theorem. 


□ 


We conclude by proving Theorem 1.6. The argument is somehow similar: we assume, by contra¬ 
diction, to have a solution satisfying all the hypotheses for —> —1. Then, we perform a 

n—^-\-oo 

blow-up analysis and we rule out the last case using Theorem 1.4. 
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Proof of Theorem 1.6. Assume by contradiction there exists a sequence —> —1 such that 

n—>-+oo 

(3) has a solution u" satisfying all the hypotheses of Theorem 1.6 and, w.l.o.g., / hlfe^^AVg = 

Js 

/ h^e^^dVg = 1. In particular, since 47r(l + a 2 m) < P 2 < 47r(2 + a 2 m + for m = 1,2, then 

Jn 

P 2 —47r(l + Q!2 i) = 47r(l + a22)- 

n—>-+oo 

As in the proof of Theorem 1.5, we must have inf ulf —> —00 for small S, because otherwise 

Bsips) n—H-00 

we would have 


1 > 


' Bsips) 


h”e"= dVg > C 

n—>-+<50 


' Bsips) 


d{;P3)^‘^-^dVg 


n—>-+oo 


+ 00 . 


Unlike before, we cannot apply the maximum principle to get inf ^ — 00 . Anyway, this 

dBsips) n—>-+oo 

could be ruled out by the following argument: if were uniformly bounded from below on dBsips) 
and ^ 2 ( 2 :"') —^ —00 for some a;" —x G Bsips), then applying Theorem 2.1 we would get 

n—>-+oo n—>-+oo 

blow-up at X of the first component alone, which would give pi > (Ji{x) > 47r, in contradiction to 
the assumptions of the theorem. Therefore, U 2 must go to —00 uniformly on dBs{p-^), which means, 
by Theorem 2.1, blow-up with r 2 = 0. 

The assumption p 2 < 47r implies that such blow-up must occur at a subset of {pi,P 2 ,P?,}- Blow-up 
in p 3 is also excluded because, by standard blow-up analysis (one can argue for instance as in [36] , 
Lemma 9) it would imply pi > ai(p^) > 47r; therefore, we must have /i 2 e “2 ^ 47r(l -|- a 2 m)Sp^ 

for some m = 1, 2; since the role of pi and p 2 is interchangeable, we can assume m = 1. 

Let us now consider m": it cannot blow up at pi, because pi < 47r(2 -|- an -I- 012 ), and it cannot 
even blow up at any other points: in fact, since ulf only blows up at pi, then by Theorem 2.1 we 
would get Pi = ^^tTi(a;), again contradicting the assumptions. Therefore, m” must converge to 
x^S 

some Ml, which solves (up to subtracting a suitable combination of Green’s functions) 


—Ami 


O ( 



47r(2 -I- ail + 0 : 21 ) 




By applying Theorem 1.4 with p 2 = 0, or equivalently Proposition 5.8 in [2], we see that the last 
equation is not solvable since 47r(l -|- ai 2 ) < pi < 47r(2 -|- an -I- a 2 i). This gives a contradictions 
and proves the theorem. □ 


Notice that, by repeating the same argument, we can find similar non-existence results in the 
cases {Ml, M 2 , M 3 ) = (2,2,1) and (l,m, 0), with one coefficient being very close to —1. In the 
case (l,m, 0), we can also drop the assumptions on S to be a standard sphere with antipodal 
singularities. 
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